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These notes represent background and supplementary material for our course in the
Preparatory School for the conference “Lefschetz Properties in Algebra, Geometry and Com-

binatorics,” which will be held in Krakow in June, 2024.

The Lefschetz properties represent some “expected” behavior of the multiplication on

a graded module over a homogeneous polynomial ring.

It is an extremely natural and

basic idea, and as a result it shows up in many fields, in different guises, and it has many
consequences (as is suggested by the title of the conference). But it is also true that in
many situations the actual behavior is different from the expected one. As a result, we will
see situations where we want to prove that the properties hold, but also many in which we
will have to show that the expectations do not materialize. There are three courses in this

school, and in them you will see different manifestations of these basic principles.

1



2 JUAN C. MIGLIORE AND GIUSEPPE FAVACCHIO

A fundamental piece of information about a graded module that is behind the Lefschetz
properties is its Hilbert function. This is essentially a way of measure “how big” the compo-
nents of the graded module are. It will play an important role in this course, and probably in
all three courses. The Hilbert function is an important invariant for a projective variety or,
more precisely, of a standard graded algebra (or, even more generally, of a finitely generated
graded module). It is an interesting question to determine what the known properties of the
variety or algebra imply about the Hilbert function, and perhaps an even more interesting
question to determine the converse, i.e. what information the Hilbert function can give about
the geometry associated to the variety or algebra.

We have tried to include a fairly large number of exercises. The problem-solving sessions
will focus on the assigned exercises. The solutions are at the end of the notes (after the
references), but we strongly encourage you to spend a lot of time working them out before
looking at the solutions.

We assume familiarity with subvarieties of affine and projective space. The book [CLO]
gives a lot of the necessary background, and we include some exercises involving that mate-
rial.

We will assume that you have some familiarity with the following topics:

e affine and projective spaces

e homogeneous coordinates for projective space
e the projectivization of a vector space

duality for projective spaces

affine and projective varieties, hypersurfaces
monomial ideals

minimal free resolutions

although we will review some of these notions in these notes. Some of the results that we’ll
talk about depend on the field k£ that we are using. Unless stated otherwise. assume that &
is algebraically closed and of characteristic zero.

In these notes we will sometimes need to mention and use some facts, even if we avoid
their proofs. For the most part, these facts are placed into “Remarks.” The converse is not
true, though: not all Remarks in these notes mean that their content is a fact that we will
not prove. Sometimes a remark is just a remark.

There are three papers attached to these notes. The first is a joint paper by Migliore and
Uwe Nagel [MN1], which is an expository overview of the Lefschetz properties as they appear
in various fields. The second is a joint paper of Migliore with Tadahito Harima, Uwe Nagel
and Junzo Watanabe [HMNW]. This was one of the first papers to deal with the Lefschetz
properties, and in particular this paper introduced the use of the syzygy bundle to prove
the WLP for codimension 3 complete intersections. In addition, it characterized the Hilbert
functions of algebras with WLP or SLP (same answer!), and described bounds on the Betti
numbers for algebras with WLP. The third paper, [JM], is a nice overview of some of the
open problems in the theory of Lefschetz Properties, written by Martina Juhnke-Kubitzke
and Rosa Maria Mir6-Roig.
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2. BACKGROUND AND EXERCISES

This section contains some exercises and remarks to help make sure you have the needed
background. The solutions can be found starting on page 53. Two useful references for this

material are [CLO] and [AM].

2.1. Basics on varieties and rings.

Exercise 1. Prove that in the ring R = k[xq, ..., z,] there are (d:ﬁzl

d for any d > 1 and n > 1.

) monomials of degree

Exercise 2. Let R = k[z,y| where k is an infinite field of characteristic # 2. Prove:

(a) (z+y,z—y) = (2,9).

(b) (2,y) = (v +xy,y +xy, 2% v*) = (x + 2y, y + vy, 2%).

(c) In the last equality of (b), show that the three generators are irredundant (i.e. if you
remove any one of them, the ideal becomes smaller).

Exercise 3. Let V = V(f,...,fs) and W = V(gy,...,9:) be varieties in the affine space
k™. Prove that

VOW:V(fl,---7f87gl7“‘7gt)'

Exercise 4. Prove that any finite union of points in A" is an affine variety.
Exercise 5. Let k = R. Let Z be the set of all points in R? with integer coordinates.

(a) Let f(z,y) be a polynomial vanishing at every point of Z. Prove that f(x,y) must
be the zero polynomial. [Hint: if f(x,y) vanishes at every point of Z, what can you
say about f(z,0)7]

(b) Conclude that Z is not an affine variety.

Exercise 6. Prove that
X={(mm*+1)eR® | melZ}

is not an affine variety.

Exercise 7. Let k be a field and let V' be a subset of k!. Prove the following statement:
V is a subvariety of k' if and only if V is a finite set of points in k'.
Note that you have to prove both directions.

Exercise 8. Let F,, be the field with p elements, for any prime p.

(a) Consider the polynomial g(z,y) = 2%y + y*x € Fy[z, y]. Prove that g(a,b) = 0 for all
(a,b) € F3.

(b) Find a nonzero polynomial g(z1,...,x,) € Fa[z1,...,x,] involving all n variables,
such that g(ay,...,a,) =0 for all (a,...,a,) € F.

(c) Repeat (a) and (b), replacing Fy by IF,.
Exercise 9.
(a) Let S be a set in k™. (If it helps, just think about R?.) Show that
S C V(I(S)).
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(b) Give an example to show that the inclusion in part (a) is not necessarily an equality.
If you want, you can use the following example, as long as you completely justify why
it answers the question!

S =U{(0,i) |ieZ}y={...,(0,-2),(0,—1),(0,0),(0,1),(0,2),...} C R%
You'll have to explicitly compute I(S;), and then V(I(S})).
(c¢) However, if S happens to be a variety then show that it is true that
S = V(I(9)).

Exercise 10. Show that if V' is any affine variety in k™ then I(V') is a radical ideal. This
means that if f™ € [(V') for some m then f € I(V).

Exercise 11. Let I and J be ideals in k[xy, ..., z,]. We define
INJ={feR|feland feJ}

We define I.J to be the set of polynomials that can be written as finite sums in the following

way:
IJ= {Zfigi | fiEI,gieJ}-
i—1

(a) Prove that I N .J is an ideal.

(b) Prove that I.J is an ideal.

(c) Show that IJ C I NJ (as ideals).
)

(d) Give an example to show that I.J is not necessarily equal to I N J. Justify your
answer!

(e) If I and J are ideals in k[z1,...,z,], prove that V(I.J) = V(I) UV(J). [Hint: this is
closely related to our proof that V(I) U V(J) is again an affine variety.]

(f) If I and J are ideals in k[zy, ..., z,], prove that V(I N J) = V(I) UV(J). Combined
with the previous part, conclude that V(I.J) = V(I NJ).

Exercise 12. Let ¢ = [Fy,...,F,] : C* — C™, where Fi,..., F,, € Clxy,...,2,]. Let
X =V(Gy,...,Gy) be a subvariety of C™ (so Gy,...,Gy € Cly1,...,ym]). Prove that
o HX)=V(GL(F, ..., Fp), . Gr(Fy, . F)).

(Make sure you prove both inclusions.)

2.2. Noetherian rings. A useful source for Noetherian rings is [AM].
Exercise 13. Prove that k[, ..., z, 1][z,] = k[z1,. .., 2]
Definition 2.1. A ring A is Noetherian if it satisfies any of the following equivalent condi-

tions.

(a) Every non-empty set of ideals in A has a maximal element with respect to inclusion.
(b) Every ascending chain of ideals in A stabilizes.
(c) Every ideal in A is finitely generated.

Condition (b) above is called the Ascending Chain Condition (ACC).
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Remark 2.2. The equivalence of (a), (b) and (c) is proved, for example, in [AM] Chapter 6.
The following statements are also true.

1. If A is Noetherian then so is the polynomial ring A[z]. (This is the famous Hilbert
Basis Theorem.) Using Exercise 13, this implies that
the polynomial ring R = k[xo, ..., x,] is Noetherian

([AM] Theorem 7.5).
2. If A is Noetherian and ¢ : A — B is an epimorphism then B is Noetherian ([AM]
Proposition 7.1). This implies that

any quotient R/I is also Noetherian.

It follows from all this that whenever we have an ideal [ in a polynomial ring R =
klx1,...,x,] over a field k then I is finitely generated. This is very useful!

Exercise 14. Consider the set of polynomials f; € R = k[w, z,y, z] defined by
fi= wi 4 ot 4y g T
for all 7+ > 1. Prove that there exists an integer N such that for ¢ > N, f; is a linear

combination (with coefficents in R) of fi,..., fy_1. (We do not want to know a precise
value of N.)

2.3. More background from [CLO] on affine varieties and ideals.

Exercise 15. In this problem we will work over the field of real numbers, R.

(a) Let I = (fy,..., fs) be any ideal in Rlzy,...,z,]. Let V. = V(I) C R" be the
corresponding variety. Find a single polynomial f such that V' = V(f). Prove your
answer.

(b) Let I = (f1,..., fs) be any ideal in R[xy,...,z,]. Suppose that V(I) = ). Show that
there is at least one element of I that has no zero in R". Justify your answer. (Notice
that R is not algebraically closed, so you can’t use the Nullstellensatz.)

Exercise 16. Let V and W be varieties in C" such that V N'W = (). Prove that there exist
fel(V) and g € I(W) such that f+g=1.

Exercise 17. Let I C k[xy, ..., x,) be an ideal. Let /T be its radical. Show that there is a
positive integer p such that for every f € V1, f* € I. (The thing to stress is that the choice
of p does not depend on what f you choose; rather, p depends only on what /T is.) [Hint:
VT is an ideal in a Noetherian ring. |

Exercise 18. Let [ and J be ideals in C[zy, ..., x,] such that
I+J=(1)=Clxy,...,x,]

(a) Prove that the varieties V(I) and V(J) are disjoint.
(b) Prove that IJ =1nNJ.

(c) Part (b) depends very much on the assumption I + J = (1). Give an example of
ideals I and J not satisfying that property, for which it is not true that IJ =1nNJ.
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Exercise 19. For each of the following, R is the polynomial ring k[z1,...,x,] and X is an
algebraic set in A}, where k is a field. Any extra assumptions about k will be given explicitly.
For each part, give the indicated example or show that no such example exists. When
you give an example, you are allowed to choose a specific field k& and a specific value of n if
you want to (e.g. taking k = R and n = 2 may be easier to visualize).

[Hint: for two of these the answer is “no” (so you have to prove that J doesn’t exist), and
the rest are “yes” (so you have to find such an example). All of these should be very short
answers!!|

(a) Does there exist an ideal J C R such that J = I(X) for some algebraic set X, but J
is not radical?

(b) Does there exist an ideal J C R such that J = I(X) for some algebraic set X, but J
is not prime?

(c) Does there exist a prime ideal J C R which is not maximal?

(d) Does there exist an ideal J that is not prime, but I(V(.J)) is prime?

(e) Does there exist an ideal J and a polynomial f € R such that f vanishes at every
point of V(J), but f & J?

(f) Assume that k is algebraically closed. Does there exist an ideal J and a polynomial
f € R such that f vanishes at every point of V(.J), but no power of f isin J?

Exercise 20. Let I,J be ideals in k[z1,...,2,] and suppose that I C +/J. Show that
I™ C J for some integer m > 0.

2.4. Background from [CLO] on projective varieties and homogeneous ideals. For
convenience in this section our polynomial ring will be R = k[xo, ..., x,] (i.e. we start with
xo instead of 1), so that we can talk about varieties in P".

Definition 2.3. Given a monomial z(* ...z, its degree is mo+ - - - +m,,. Any polynomial
can be written as a linear combination agMy+- - -+ any My of distinct monomials in a unique
way. For any i, a;x]" is called a term. A polynomial is said to be homogeneous if all the
terms have the same degree. Any polynomial f can be written as the sum of homogeneous
polynomials: f = fo + f1 + -+ + f4 in a unique way; the f; are called the homogeneous
components of f. A homogeneous polynomial f of degree d is also called a form of degree d.

Definition 2.4. An ideal I C k[zo,...,z,| is homogeneous if, for each f € I, the homoge-
neous components of f are also in [I.

Theorem 2.5. Let I C kxy,...,x,]| be an ideal. The following are equivalent:

(i) I is a homogeneous ideal.
(ii) There exists a set of homogeneous polynomials fi, ..., fs that generate I.

Exercise 21. Let [ and J be homogeneous ideals in k[z, ..., z,].

(a) Prove that I 4 J is homogeneous.

(b) Prove that I N J is homogeneous.
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Exercise 22. Homogeneous polynomials satisfy an important relation known as FEuler’s
Theorem. It says the following. For convenience assume that our field is R. Let f €

Rlxo, ..., z,| be a homogeneous polynomial of degree d. Then
> gt =d-f
= Oz

(a) Hlustrate Euler’s theorem by cooking up a homogeneous polynomial, f, having three
terms and showing that the theorem is true for your example.

(b) Prove Euler’s theorem by considering f(Axo, ..., Az,) as a function of A, and differ-
entiating with respect to A using the chain rule.

(c) Let R = R[z,y, 2] and let f = xyz. In P§ describe V(f), V(fs, fy, f-), and the
relation between these two varieties. (Here f,, f,, f, are the partials with respect to
x,y, z respectively.) How is Euler’s theorem relevant to this last part?

(d) Let R = Rlz,y, 2] and let f = zyz(x +y + 2). In P2 describe V(f), V(fs, fyr [2),
and the relation between the two. Again, how is Euler’s theorem relevant to this last

part?
Exercise 23. Recall that for an ideal I C k[zo, ..., z,], a set of polynomials f1,..., f, are
minimal generators for I if I = (f1,..., f.), and if the removal of any of the f; changes the
ideal. We also say that {fi,..., f,} form a minimal generating set for I. For example, for

I= (2% y? (x+y)(x—y)) Ck[x,y, 2], the generators are not minimal since (z +y)(z —y) =
x? — y?, so removing (x + y)(z — y) does not change the ideal.

(a) Give an example of an ideal I C Cl[z,y, 2] such that
e [ has a minimal generating set consisting of five homogeneous polynomials;
o V(I)=10;

e The five generators of I all have different degrees.
(Hint: think about monomial ideals.)

(b) In the statement of the Projective Weak Nullstellensatz ([CLO] Chapter 8, Section 3,
Theorem 8), the authors mention integers m; (in part (iii)) and r (in part (iv)). For
your answer to part (a), what are the values of mq, mo, m3 and r? Be sure to justify
your answer.

(¢) Find a counterexample to the following statement:

If I s a homogeneous ideal and J is an ideal such that J C I then J is
homogeneous.

Exercise 24. Let ¢ be an automorphism of P2. What this means is that there is some
invertible 3 x 3 matrix A such that for P = [py, p2, ps),

b1
¢(P) =A| p
b3

Let P,Q, R be three points in P2. Show that if P,Q, R are collinear then ¢(P), #(Q), ¢(R)
are collinear. Is the converse true?
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Exercise 25. In this problem, we will be talking about planes, A, in P". You can assume
that the field in question is R, the real numbers. Remember that, in P2, the only possibility
for A is that it is all of P2. In P3, A is the vanishing locus of a single homogeneous linear
polynomial L, and we have Iy = (L). You can freely use these facts.

(a) Describe the homogeneous ideal of a plane in P* in terms of the minimal generators
of its ideal (no proof required).

(b) Let A; and A, be distinct planes in P2. Prove that A; N Ay must be a line.

(c) Give an example of two distinct planes, A; and Ay, in P* whose intersection is the
point [1,1,1,1,1].

(d) In part ¢), is your answer unique, or are there finitely many possible answers, or are
there infinitely many possible answers? Explain.

Exercise 26. A beautiful fact about projective space is the notion of duality. Let’s limit
ourselves to P4, the real projective plane. (We will understand that we are working over R
and not bother writing the subscript R each time.)

Recall that a line ¢ in P? is the vanishing locus of a homogeneous linear polynomial, i.e.
¢ = V(ax + by + cz) for some choice of a,b, ¢ € R not all zero.

(a) Show that ax + by + cz = 0 defines the same line as 3x + 4y + 5z = 0 if and only if
there exists some ¢t € R such that a = 3t, b = 4t and ¢ = 5t. (Of course 3, 4, 5 is just
an example.) [Hint: < is almost immediate. For =, you can use the fact that in P2,
either two lines meet at a single point or they are the same line. It may help to take
the linear algebra point of view.]

(b) Based on (a), show that the set of lines in P? itself can be viewed as a projective
plane, which we will denote by (P?)V.

(c) Let Py, P», Ps be points of (P?)" and let £p,,¢p,,Lp, be the lines in P? that they
correspond to. Show that Py, Py, P all lie on a line in (P?)Y if and only if £p,, {p,, (p,
all pass through a common point. [Hint: if you look at the equation azx + by + cz = 0,
you can think of a, b, ¢ as given and x, y, z as the variables, OR you can think of x, y, z
as given and a, b, ¢ as the variables!|

(d) Using (c), if you take a line in (P?)Y, what does the collection of all the points on
this line correspond to back in P?? Explain your answer carefully.
(e) The following is a set of lines in P2, labelled a to g.
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e

Sketch the set of points in (P?)V dual to these lines, and label them A to G cor-
responding to the similarly named lines. Make sure that your sketch reflects
when three or more of the points are on a line. [Hint: in addition to the obvious
places where three or more lines meet, the three vertical lines meet at infinity!! Part
(¢) is crucial in this problem.]

Remark 2.6. While we have been covering [CLO] we have stuck to the notation I(V') for
the ideal associated to a variety V' (or indeed to any subset V' of affine or projective space).
Now, however, we will convert to the more standard notation Iy .

3. COHEN-MACAULAY GRADED RINGS
Let R = k[xo,...,x,], where k is a field. The following is copied from [AM] page 106.

Definition 3.1. A graded ring is a ring A together with a family ([A],,),>0 of subgroups of
the additive group of A, such that A =P, 5[A], and [A]n[A], C [A];nyn for all m,n > 0.

The following is the main example for us.

Example 3.2. R = k[zg,...,z,] is a graded ring since R = P, ([R]:, where [R]; is the
k-vector space of homogeneous polynomials (i.e. forms) of degree ¢ over k. Recall that
t
dim[R], = ( +”>.
n

Notice that in particular, R is even a little more: it is a standard graded k-algebra, meaning
that [R]o = k, the elements of R are generated by the elements of [R];, and the components
are actually finite dimensional vector spaces over k.

From now on we view R as a graded ring, and focus on homogeneous ideals (cf. [CLO]
Chapter 8, Section 3). For convenience let’s always assume that k is an infinite field. The
following definition is from [H] Exercise 11.5.10. That exercise also shows its importance in
the study of subschemes of projective space, although we omit this topic.

Definition 3.3. If I C R is a homogeneous ideal then its saturation, I°*, is defined by
I’ = {f € R | for each 0 <14 < n there is some m; so that 2" f € I}.

The ideal [ is saturated if I = 5%,
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Exercise 27. Prove that if I is a homogeneous ideal then so is its saturation 5%,

Exercise 28. Find the saturation of each of the following ideals (or explain why it is already
saturated).
(a) (2%,y°,2%) C klz,y, 2].
(b) (2%,y? 2%) C k[w,z,y, z].
(c) (2% zy,z2) C klx,y, 2].
Asnoted in Remark 2.6, if V' C P" is a projective subvariety (or subscheme) then we denote

by Iy its homogeneous ideal. (This differs from the notation in [CLO] but the definition is
the same.)

Exercise 29. Show that the ideal I}, as defined in [CLO] is a saturated ideal.

Remark 3.4. Tt’s worth noting that when I is not of the form Iy for any subvariety (or
subscheme) V', then I is not necessarily a saturated ideal, and this means that

L [R/1), = [R/I]ir

is not necessarily injective (Exercise 33 (c)). So the fact that the first map in the exact
sequence (4.1) in Remark 4.11 is injective depends on the fact that Iy, is a saturated ideal,
i.e. that R/Iy has depth > 1 (see Definition 3.7).

Example 3.5. Let R = k[z,y, 2] and I = (22 zy,zz). Then the Hilbert function of R/l
begins with the sequence (1,3,3,...) but clearly = € [R/I]; is in the kernel of multiplication
by any linear form L. Notice also that the vanishing locus of I is not zero-dimensional, as
might have been suggested by the fact that the Hilbert function is equal in degrees 1 and 2,
but instead consists of the line x = 0. In fact, even though the Hilbert function takes the
same value 3 in degrees 1 and 2, the discussion after Remark 4.8 does not apply because this
ideal is not Iy for any variety V. The key is that the multiplication XL in (4.1) is not an
injection (why not?). We will talk more about this soon.

Exercise 30. Find the entire Hilbert function of the algebra given in Example 3.5. Is there
any other degree in which x L fails to be injective? Find the saturation of this ideal. What
subvariety of P? corresponds to this saturation?

The following definition can be made more generally for a finitely generated graded R-
module, but for our purposes it is enough to define it for standard graded k-algebras. So
from now on I will be a homogeneous ideal defining a standard graded algebra R/I.

Definition 3.6. An element F' € R/I of degree > 1 is a non-zerodivisor (or sometimes
reqular element) if, for any G € R/I, the condition F'G = 0 forces G = 0. A regular sequence
for R/I is a sequence of homogeneous polynomials Fi, ..., F,. C m such that

F) is a non-zerodivisor on R/I,

F; is a non-zerodivisor on R/(I, F}),

F, is a non-zerodivisor on R/(I, Fy,..., F,._1).
Definition 3.7. The depth of R/I is the integer
depth (R/I) = sup{j | there is some regular sequence in m of length j for R/I}.
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Remark 3.8. It is a fact that if a regular sequence of length m exists for R/I, then a
regular sequence of length m consisting of linear forms can be found. Furthermore, in this
case it suffices to choose m “sufficiently general” linear forms (once m is known). See [BH]
Prop. 1.5.12.

Example 3.9. Let R = k[zg, 1, T2, x3]. Let C be a line in P3, defined by Io = (4, x3). We
claim that (z1,z¢) is a regular sequence for R/I¢.

Notice that R/Ic = kl[zg,x1]. If F € R/I¢ is such that 1 F = 0 in R/I¢ then clearly
F = 0 so z; is a non-zerodivisor for R/Ic. Now R/{Ic,x1) = k[xg]. If FF € R/{Ic,x1) is
such that o' = 0 in R/(Ic,x1) then F' = 0, so zy is a non-zerodivisor for R/(I/¢,x;) and
we are done. In particular, depth(R/I¢) = 2.

Example 3.10. Let C' C P = P} be the image of the map

¢: Pt > P?
given by [s,t] — [s%, s%t, st 3] for s,t € R. This image is called the twisted cubic curve in
P3. Tt is a fact that its homogeneous ideal is (zox3 — z129, Tows — 1%, 173 — x3). Furthermore,

KdimR/Ic = 2 (see below for the definition) and depth(R/Ic) = 2. We will accept this as
a fact.

Exercise 31. Let R = k[zg, 1,7, 3]. Let V be a set of two skew lines in P?) say V =
V(zg, 1) U V(x9,23). The homogenous ideal is Iy = (rox2, ToT3, 2172, x123) (you can just
accept this as a fact).

(a) Let L = wo+x1+22+23. Let G € R be a homogeneous polynomial and let G € R/Iy
be the image of G in R/Iy. If LG = 0in R/Iy show that G = 0in R/Iy (i.e. G € Iy).
Conclude that L is a regular element.

(b) Geometrically, L defines a plane in P?. Find the two points of V N V(L).

(c) Since through two distinct points of P there passes a unique line, there must be
another linear form L', not a scalar multiple of L, passing through the two points
you found in (b). Find one such L’

(d) Show that z;L" € (L, Iy) = (L, xoxs, xox3, 172, T123) for all 0 < < 3.

(e) Conclude that R/(L, Iy) does not have any non-zerodivisors, so depth(R/Iy) = 1.

(f) Note that the fact that an algebra R/I has depth > 1 means that there exists a
non-zerodivisor. It doesn’t mean that zerodivisors don’t exist. For example, find a
zerodivisor for R/Iy.

The next few exercises try to draw some connections between the notion of the saturation
of a homogeneous ideal I and the depth of R/I.

Exercise 32. We have noted that if I is a homogeneous ideal then so is I°* (Exercise 27).
Denote by [I]; the vector space of homogeneous polynomial of degree ¢ in /. Thus we have

decompositions
1=l and 1" = P,

t>1 t>1
Prove that for t > 0, [I]; = [I°**],. (Hint: use the Noetherian property.)

Exercise 33. Let m = (xg,...,x,), the irrelevant ideal in the graded ring R = k[zo, ..., x,].
Let I be a homogeneous ideal. Define

Im={feR| fmelforall mem}.
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(a) Verify that I : m is a homogeneous ideal in R.

(b) Show that [ is saturated if and only if I : m = I.

(c) We define a socle element of R/I to be a non-zero element f € [R/I]; (for some t)
such that f is annihilated by m. This corresponds to an element f € [I : m|;\[I];. In
particular, f isin the kernel of XL : [R/I|; — [R/I]i41 for all L € [R],. Show that [
is saturated if and only if R/I has no socle.

Exercise 34. Prove that if depth(R/I) > 1 then [ is saturated.

Remark 3.11. In the last few exercises we have shown that
I is saturated if and only if I : m = I if and only if R/I has no socle.
We also saw that if depth (R/I) > 1 then [ is saturated. In fact the converse is true, and we
have the fact that
I is saturated if and only if depth(R/I) > 1.

To see the last direction, recall that the associated primes of an ideal I are the prime ideals
of the form Anng(f) for some f € R/I, and consequently that I is not saturated if and only
if m is an associated prime (for one direction, take f to be an element of largest degree in
I***/I). Now if depth(R/I) = 0 then you can check that m is an associated prime for some

primary component of I (exercise), hence [ is not saturated. That is, if [ is saturated then
depth(R/I) > 1.

Remark 3.12. The following is a useful fact. Let L be a linear form and assume
depth(R/I) > 1 for some graded algebra R/I. Then for any ¢, multiplication by L gives
the following exact sequence:

o ][5 [ [

(think about what the kernel of x L is), which induces a short exact sequence

0= [R/(I: L))oy =5 [R/I), > R/{I,L) — 0.
Now assume that depth(R/I) > 1 and let L be a general linear form. By Remark 3.8 we
know that L is a non-zerodivisor for R/I. This means that the first term in (3.1) is zero,
and we have a short exact sequence
0= [R/1), =5 [R/I), — [R/(I, L)}, — 0.
More generally, in this situation we have
0— R/I(—-1) 25 R/T — R/{(I,L) — 0

is an exact sequence of graded algebras.
Definition 3.13. Let p be a homogeneous prime ideal in R. The height of p is the supremum
of all integers ¢ such that there exists a chain pg C p1--- € p; = p of homogeneous prime
ideals in R. For a homogeneous ideal I, the height of I is the infimum of the heights of prime
ideals in R containing [. This is the codimension of I.

The Krull dimension of R/I is the supremum of the heights of all homogeneous prime
ideals in the ring R/I (not R). Equivalently, we want the longest length of a chain

PSP S Cpr

of prime ideals in R, where I C py.
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The geometric version of the definition of the Krull dimension is the following (cf. [H]
page 5):
Definition 3.14. If X is a variety then the dimension of X is the supremum of all integers

1 such that there exists a chain Zy, C Z; C --- C Z; of non-empty irreducible subvarieties of
X.

Notation 3.15. To avoid confusion we will denote the dimension of a variety X by dim X
and the Krull dimension of a graded algebra R/I by Kdim(R/I).

Example 3.16. (a) As one might intuitively expect, dimP" = n while
Kdim (k[xo, ..., z,]) =n+ 1.
Indeed, the relevant chains (thinking of an i-dimensional subspace of P" as P?) are
PPcP cPPC---CcP"'cCP”
and
(0) C (xo) C (o, 1) C (T0,T1,T2) C -+ C(T0y...,Tp_1) C (Toy...,Tp).
(b) If V(I) is a single point then dim V() = 0 while Kdim(R/I) = 1.

(c) In general, let I be a homogeneous ideal. Then the Krull dimension of R/I is one
more than the dimension of V(7).

(d) Say V is a line in P* defined by the ideal {xg,z1,72). We know that a line has
dimension 1, so in P* it has codimension (i.e. height) 4 — 1 = 3. We expect the Krull
dimension of R/Iy to be 1 + 1 = 2. Let’s look at the above definitions.

<0> C <ZL’0> C <ZL‘0,ZE1> C <$0,ZE171’2> = ]V'

Any other prime ideal containing Iy (e.g. (xo, 1, T2, x3)) has bigger height. So the
height of Iy is 3 as expected.

To get the Krull dimension of R/l we look for homogeneous prime ideals con-
taining Iyy. These include (xg, z1, x2), (xq, T1, T, x3) and (xg, 1, T2, T3, 24). You can
convince yourself that this means that the Krull dimension of R/Iy is 2.

To get the dimension of V' we look at chains of non-empty irreducible subvarieties.
We get Zy C Z; where Zj is a single point and Z; = V. These correspond to the first
two ideals in the previous chain.

Remark 3.17. (a) One can show that
height I + Kdim(R/I) = dim R = n + 1.
(b) It is always the case that depth(R/I) < Kdim(R/I).
Definition 3.18. The algebra R/I is Cohen-Macaulay if depth(R/I) = Kdim(R/I). If V

is a subvariety of P" with saturated homogenous ideal Iy, and if R/Iy is Cohen-Macaulay,
then V' is said to be arithmetically Cohen-Macaulay, sometimes denoted ACM.

Example 3.19. Example 3.9 and Example 3.10 show that a line and a twisted cubic are
both ACM curves in P3.

Exercise 35.

(a) R itself is Cohen-Macaulay.
(b) If I = Iy where dimV' = 0 then R/I is Cohen-Macaulay (i.e. V is ACM). In other
words, a finite set of points in P" is always ACM.
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(c¢) The same does not hold for higher dimension. In particular, find a curve C for which
R/Ic is not Cohen-Macaulay (i.e. C'is not ACM). (Hint: see Exercise 31.)

Remark 3.20. Let V' be a subvariety of P". Let Iy be its saturated homogeneous ideal. If
the number of minimal generators of Iy is equal to n —dim V' (i.e. equal to the codimension
of V in P") then V is called a complete intersection and is automatically arithmetically
Cohen-Macaulay. The minimal generators of Iy, then form a regular sequence in m.

The following definition gives a very important class of Cohen-Macaulay algebras. We will
not prove the equivalence of the conditions.

Definition 3.21. Let I be a homogenous ideal in R. Then R/I is artinian if any of the
following equivalent conditions holds.

(a) R/I is finite dimensional as a k-vector space.

(b) Kdim(R/I) = 0.

(c) If m is the irrelevant ideal of R/I then m? = 0 in R/I for some (hence all sufficiently
large) p > 1, i.e. (viewing m as the irrelevant ideal of R), m? C I for some p > 1.

(d) For each 0 < ¢ < n there is some integer p; such that =" € I.

(e) For sufficiently large d we have [I]; = [R]a.

(f) If k is algebraically closed, a sixth equivalent condition is V(I) = 0.

(g) R/I satisfies the descending chain condition for ideals.

Remark 3.22. (a) Assume that depth(R/I) > 1 and Kdim(R/I) > 1. Let L be a
general linear form (hence a non-zerodivisor on R/I). Then depth(R/(I,L)) =
depth(R/I) — 1 and Kdim(R/(I, L)) = Kdim (R/I) — 1.

(b) Of course if R/I is artinian then it is Cohen-Macaulay since

0 < depth (R/I) < Kdim(R/I) = 0.
Given a Cohen-Macaulay algebra, we construct from it an artinian algebra as follows.

Proposition 3.23. Let R/ be a graded Cohen-Macaulay algebra of depth = Krull dimension
=d. Let Ly,...,Lq be a reqular sequence of linear forms. Then R/{(I,Ly,...,Lq) is an
artinian graded algebra. If the L; are sufficiently general, this is called the general artinian
reduction of R/I.

4. INTRODUCTION TO HILBERT FUNCTIONS

4.1. Graded modules. The notion of an R-module generalizes that of a k-vector space.
The following definition is copied from [AM] page 17, where you can read more about the
subject.

Definition 4.1. Let A be a ring. An A-module is an abelian group M (written additively)
on which A acts linearly. More precisely, it is a pair (M, u) where M is an abelian group
and g is a mapping of A x M into M such that, if we write ax for pu(a,x) where a € A and
x € M, we have

a(x +y) = ax + ay,

(a+b)x = ax + bz,

(ab)z = a(bz),
lr ==

for all a,b € A and =,y € M.
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Example 4.2. 1. If A =k, a field, then the notions of A-module and k-vector space
coincide.
2. If M = I is an ideal of A then M is an A-module. In particular, A itself is an
A-module.

3. If A =7 then the notions of A-module and abelian group coincide, where we define
nc=x+---+=x
n times
for n > 1.
The following is copied from [AM] page 106.

Definition 4.3. If A is a graded ring (see Definition 3.1), a graded module is an A-module
M together with a family ([M];):ez of subgroups of M such that

M=@P[M], and [A],,[M], C [M], 4 for all m,t € Z.
teZ

If f € R is any polynomial, we can always decompose f as a sum of its homogeneous
components

f=f+f+-+ fa

By linearity, to understand fm for m € M, it’s enough to understand how homogeneous
polynomials act on homogenenous elements m € M. But again by linearity, it’s enough to
understand how linear forms act, and in fact it’s enough to understand xom, ..., x,m.

Example 4.4. Each of the following is a graded R-module.

1. R=k[zog,...,x,]is also a graded R-module.
2. The shifted module R(m) is defined by [R(m)|; = [R]mt-

3. If I is a homogeneous ideal then R/I is a graded R-module. Recall that to stress that
the components [R/I]; are vector spaces, we often refer to R/I as a graded algebra
rather than a graded ring.

4. Let R=klw,z,y,z] and I = (w,x,y,2%). Then

, 1 ift=0,1;
dlm[R/I]t_{ 0 if ¢ #0,1.

The behavior of multiplication for R/I by a linear form is inherited from R modulo
(w,z,y, 2%).

5. Let R = klw,x,y,z|. Let M be a graded module defined as follows: dim[M]; = 2
for t = 0,1 and [M]; = 0 otherwise. Assume that we have chosen bases for [M], and

[M]l Let
a 2b
A= [30 4d]

where a,b,c,d € k. If L = aw + bxr + cy + dz and

then we define
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where the latter is the matrix product, viewed as an element of [M];. This determines
the module structure of M.

Finally, if M is a graded R-module, we define the annihilator of M to be the ideal
Am(M)=[0: M]={feR| fm=0forall me M}.

This is in fact a homogeneous ideal (since M is graded).

4.2. Hilbert functions and Hilbert polynomials. Let M be a graded R-module, so we

also have
M =P,

teZ

where [M]; is the degree t component of M. We define the Hilbert function of M to be the
function

hat © Z — Z7°
given by hp(t) = dimg[M];. The Hilbert polynomial of M is the polynomial pys(t) defined
by the following result.

Theorem 4.5 (Hilbert-Serre). Let M be a finitely generated graded R-module. Then there
is a unique polynomial pp(t) € Qt] such that pp(t) = ha(t) for all t > 0. Furthermore,
degpy(t) = dim Z(Ann(M)), where Z denotes the vanishing locus of a homogeneous ideal.

Proof. See [H] Theorem 1.7.5. O

For us the main situation will be when M = R/I is a standard graded k-algebra (see the
definition in Example 3.2), where I is a homogeneous ideal. If I = [}, for some subvariety
(or subscheme) V' C P" then we will sometimes write hy (t) for hg/r, (t), and py(t) for the
corresponding Hilbert polynomial.

Remark 4.6. We will sometimes be interested in the first difference of the Hilbert function,
which is defined as the function

AhR/[(t) = hR/[(t) — hR/[(t — 1)
for all ¢. Inductively we also define A*hp/;(t), A*hg/(t), ete.
Remark 4.7. First let’s see what general facts we can say immediately about the Hilbert
function hp/r(t).
1. hR/[(t) =0 for t <0 and hR/[(O) =1.

2. If I = Iy for some subvariety (or subscheme) V' C P" then deg(py(t)) = dimV
thanks to Theorem 4.5.

3. If I = Iy for some subvariety (or subscheme) V' C P" then [y is saturated, so
depth (R/Iy) > 1 (Exercise 34). Thus a general linear form is a non-zerodivisor
(Remark 3.8). This gives the injective homomorphism

xL:[R/Iv]y — [R/Iy]is1.

As a consequence, we have that hy () < hy(t + 1) for all ¢ (in particular, for all
t>0).
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4. Assume that [ = Iy for some subvariety (or subscheme) V' C P" of dimension d, so
the Hilbert polynomial of V' has the form

py = agz® + (terms involving lower powers of z).

Then a4 - d! is an invariant of V' called its degree.
Exercise 36. Let R = k[z,y] and let I = (z*, 2?93, zy*, y°).

(a) Draw a picture, using the integer points in the first quadrant and shading, to represent
the monomials in 7.

(b) What are the monomials not in 17 (I want the complete list.)

(¢) What is the Hilbert function of R/I?

(d) What is the Hilbert polynomial of R/I?

Remark 4.8.

1. In Remark 3.20 we defined a special kind of variety called a complete intersection. it
turns out that for a complete intersection V', the degree of V' is the product of the
degrees of the minimal generators of Iy .

2. If V is a finite set of points (O-dimensional), its Hilbert polynomial is a constant
(degree 0 polynomial) that is equal to the number of points of V. See Exercise 4 and
Exercise 41.

A truly amazing fact is that we know all possible Hilbert functions of standard graded
algebras! (The challenge is to derive useful information from this knowledge!) This is
provided by Macaulay’s theorem. We recall this now, without proof.

Definition 4.9. Let m and d be positive integers. The d-binomial expansion of m is the

expression
JR— a/d a/dil . .. aj
n= ()= () =+ ()

where ag > ag—1 > --- > a; > j > 1. We further define

@ _ (Gt 1) (eaat Iy o faF]
m (d+1)+< da )T\ Ge)
The blockbuster result we now quote is the following:

Theorem 4.10 (Macaulay [Mac]). Let h = (1, hq, ha,...) be a sequence of positive integers.
Then h is the Hilbert function of some standard graded algebra R/I, where R = k[xy, ..., x,],
n=hy and k is a field, if and only if hiyy < W\ for alli > 0.

A sequence satisfying this property is called an O-sequence.

Exercise 37. Is the following an O-sequence?
(1,5,12,17,25,36)

Remark 4.11. There are two natural directions to go at this point. First, if you know
things about V', what can you say about what the Hilbert function Ay looks like? For
example, if V' is a finite set of points then we know that hy is eventually a polynomial of
degree 0, i.e. a constant. More interesting in some sense is the second direction: if you know
something unusual about Ay, what does that tell you about V7 There are several ways
of obtaining geometric information about a variety from knowledge of its Hilbert function.
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See for instance [D], [BGM], [CM]. We omit details. But let’s start with more elementary
observations.

To illustrate how hy (t) can give information about a variety V', suppose we know that for
some to we have hy (tyg) = hy(to + 1) (i.e. for some ty we have equality in item 3 of Remark
4.7). We claim that this forces V' to be zero-dimensional.

Indeed, consider the exact sequence (see Remark 3.12)

(4.1) 0= [R/Iv]: 25 [R/Iv]eer — [R/ Uy, L)]is1 — 0

for any t (the injectivity comes because Iy, is saturated — see Exercise 29). It follows that
Ahy(t) is the Hilbert function of R/(Iy, L), which is a standard graded algebra (it is gen-
erated in degree 0 only — see Example 3.2). Thus if hy(ty) = hy(to + 1), this means that
Ahy (to+ 1) = 0, so the component of R/(Iy, L) in degree to + 1 is zero. Hence R/(Iy, L) is
zero in all degrees > to + 1, so the Hilbert polynomial of R/(Iy, L) is the zero polynomial.
This means that hy(t) = hy(t + 1) for all ¢ > tg, so py(t) is a constant polynomial. Then
by Theorem 4.5, V' is zero-dimensional.

Remark 4.12. Remark 4.11 says, in particular, that the stated assumption about the Hilbert
function forces V' to be a finite set of points and py to be a constant polynomial. We now
give an interpretation of this constant. So assume that V' is a finite set of points. We claim
that the number of points of V' is the value hy (t) for all ¢ > 0. (In fact for all ¢ > tq where
to is as in Remark 4.11.)

Our proof will be by induction on the number of points. If |[V| = 1, we can write Iy, =
(x1,...,2,) so R/Iy = k[xg], and the value of the Hilbert function is 1 in all degrees > 0.
Now let V' be a set of d points, P a single point distinct from any of the points of V’, and
V =V'"UP. Of course we have [Iy]|; C [Iy/]; for all t. We have the exact sequence

0— [IV’]t/[IV]t — [R/Iv}t — [R/Ivl]t —0

for t > 0. By induction, the third vector space in this sequence has dimension d, so it is
enough to check that for ¢ > 0 the first has dimension 1. In fact, we’ll show that for any ¢
it has dimension either 0 or 1, with the latter value for ¢ > 0.

If we set N = ("I"), we have seen that dim[R], = N, so a typical element of [R]; has the
form

F=axl+ - +ayzl.
Letting @ = [qo, - - -, ¢n) be any point of V| we see that F' vanishes at @ if and only if
argh+ -+ +angy = 0.

This is a homogeneous linear equation in the variables aq,...,ay. So in our situation, F
vanishing at the points of V' (i.e. F' € [Iy/];) means we have a homogeneous linear system of
d equations. Furthermore, F' also vanishing at P (i.e. F' € [Iy];) adds one more homogeneous
linear equation to the system. So either the new equation is a linear combination of the d
previous equations (in which case dim[ly/];/[Iv]; = 0) or else it imposes one new condition
(meaning dim[Iy/];/[Iv]; = 1). If t > 0, it is not hard to construct a hypersurface of degree
t (e.g. a union of hyperplanes) vanishing on V"’ but not on P, so not all solutions of the first
d equations also solve the (d + 1)-st equation, and the quotient is 1-dimensional.
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5. THE CONNECTION TO MINIMAL FREE RESOLUTIONS

In this section we define several kinds of algebras (including a second view of Cohen-
Macaulay algebras) in terms of the minimal free resolution

0O—-F,—->F.1—----—>F —->R—R/I >0,

where R = k[zy, ..., x,] is the coordinate ring for P"~!. The projective dimension proj dimR/T
is the integer r in this minimal free resolution.

1. Cohen-Macaulay algebras. The following conditions are equivalent.

(a) R/I is Cohen-Macaulay with depth = Krull dimension = d. (Recall that if I
defines a variety V in P"~! then dimV =d — 1.)

(b) The projective dimension r in the minimal free resolution satisfies r = n —d. In
the special case where I = Iy, for some projective variety V', we have

r=n—d=(Mn-1)+1—(dimV + 1) = codimension of V in P"!.

Again, if I = Iy for a projective variety V then we say V is arithmetically
Cohen-Macaulay (ACM) if R/Iy is Cohen-Macaulay.

Assume R/I has Krull dimension d (and temporarily we do not assume that R/I
is Cohen-Macaulay). The canonical module of R/I is

Kgyr = Extly Y(R/I, R)(—n).

When R/I is Cohen-Macaulay, the minimal free resolution of Kp/; is the dual of the
minimal free resolution of R/I.

2. Gorenstein algebras. R/I is Gorenstein if it is Cohen-Macaulay (i.e. 7 = n — d)
and the rank of F, is 1. If I = [}, for a projective variety V then we say that V is
arithmetically Gorenstein (AG).

3. Complete Intersections. R/I is a complete intersection if the rank of Fy (which is
equal to the number of minimal generators of I) is equal to the codimension of V(I)
in P
The minimal free resolution of a complete intersection is given by the Koszul resolu-
tion, which is the following. Let [ = (F}, ..., F}) be a regular sequence (i.e. the ideal
of a complete intersection), with d; = deg F;. Then we have the following minimal
free resolution for R/I:

0O—-F—-F.1—--—>F —>R—R/I =0
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where

P = P R(-d)
P, = \F = P R(-d;—-dy)

1<i1<i2<r
3
F3 - /\Fl — @ R(_dzl - diQ - d13>
1< <i2<i3<r
F, = \F = R(—dy—---—4d,)

In particular, a complete intersection is Gorenstein, and (hence) Cohen-Macaulay.
If V. C P" is a projective variety with homogenous ideal Iy satisfying the above
condition then we also say that V itself is a complete intersection.

4. Level algebras. R/I is level if it is Cohen-Macaulay (i.e. the projective dimension
r =n — d) and the direct summands of [, all have the same twist: F, = @ R(—m)
for a fixed m.

We also mention the Auslander-Buchsbaum formula. In the setting of standard graded
algebras R/I, where R = k[xo, ..., x,|, we have

proj dim R/I +depth R/I =n+ 1.

For example, if I is the homogeneous ideal of an ACM curve in P? then the minimal free
resolution of R/I has the form

0—>F,—F, —-R—R/I—0

so the projective dimension is 2. On the other hand, being ACM we have that the depth is
equal to the Krull dimension, and being a curve means that the Krull dimension is 2. Thus
the depth is 2, and we have

242=3+1=4

while if I is the homogeneous ideal of a non-ACM curve in P3, the projective dimension
increases by 1 and the depth drops by 1, so we have

3+1=3+1=4.

(The Auslander-Buchsbaum formula actually applies to more general situations, but we
won’t go into that here.)

Exercise 38. Show that if R = k[z,y|, where k is a field, and if R/I is artinian and
Gorenstein then in fact R/I is a complete intersection. We will see examples to show that
this is no longer true in three or more variables.

Remark 5.1. If R/I is Gorenstein, it is isomorphic to a twist of its canonical module. This
implies:

The Hilbert function of an artinian Gorenstein algebra is symmetric.
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It also means that if you dualize the minimal free resolution, up to twist the result that you
get is the same as the original resolution! In particular, the ranks of the free modules in the
resolution are symmetric. For example, if R/I is a complete intersection of forms of degree
5 in 6 variables then the minimal free resolution (from the Koszul resolution) is

0 — R(—30) — R(—25)% — R(—20)'® —» R(-15)*® = R(—10)* - R(-5) = R — R/I — 0

so you can see, looking left to right and looking right to left, the symmetry of the ranks.
A consequence of this (with a little calculation) is that up to twist, R/I is self-dual.
In particular, the h-vector of R/I is also symmetric. We will see that the h-vector is not
necessarily unimodal, though.
The fact that R/I is self-dual (up to twist) is very useful in the study of Lefschetz properties
for Gorenstein artinian algebras, as we will see.

6. EXAMPLES OF COHEN-MACAULAYNESS

Exercise 39. Play with a computer algebra program. For example, verify that five random
points in P3 (or n + 2 random points in P") are arithmetically Gorenstein. In particular,
verify that not all Gorenstein algebras are complete intersections.

Exercise 40. Check that a set of two skew lines in P? is not ACM, although either line by
itself is ACM.

Exercise 41. Prove that the Hilbert function of a set of d points in P is strictly increasing
until it reaches the value d, at which time it becomes constant. Thus the Hilbert polynomial
of a finite set of points is the constant polynomial equal to the number of points in the set.

Example 6.1. Here is an interesting variety that turns out to always be ACM. We refer to
[GHM] for details. Let A be a hyperplane arrangement in P", i.e. it is a union of, say, r
hyperplanes in P”. Fix an integer ¢ with 2 < ¢ < n and assume r > ¢. We make the special
assumption that any ¢ + 1 of the hyperplanes meet in codimension ¢+ 1. (If ¢ = n, this
means that no ¢ + 1 of the hyperplanes have a common point.) For example, if ¢ = 2 and
n = 3 we have a union of r planes in P? and we are assuming that no three share a line.

Notice that the special assumption also means that for ¢ < n, any ¢ of the hyperplanes
meet in a linear variety of codimension ¢, and that two different choices of ¢ of the hyperplanes
give different codimension c¢ linear varieties.

Now let V' be the union of the codimension c¢ linear varieties obtained in this way. Notice
that degV = (2) It turns out that V is always ACM. The main tool to prove this is a
construction from liaison theory called basic double linkage, which is beyond the scope of
these notes. See [Mi2] for details.

Three directions that have been taken in the literature to extend this example are the
following. First, one can move from hyperplane arrangements to hypersurface arrangements.
Second, one can relax the assumption that no ¢+ 1 of the hyperplanes meet in codimension
c. And third, in the case that ¢ = 2, we can relate this to Jacobian ideals. In all three
situations, the Cohen-Macaulay question is of great interest and partial results have been
obtained.

Example 6.2. Let C' and C’ be ACM curves in P? such that X = C U C’ is a complete
intersection, say of a surface of degree a and a surface of degree b. Assume that C' and
C’" meet in a finite set of points, Y. We will sketch the proof that Y is AG. We use some
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machinery that is not assumed for this course, and it is not important if you do not follow
the details of the argument. The point is to give an example of a nice connection between
ACM varieties of some codimension (related in a strong way) and a resulting AG variety of
codimension one greater.

Since C' and C” are ACM of codimension 2, their minimal free resolutions have the form

0—>Fy—>F —-1Io—0
and
0—>Gy—> Gy — Ior — 0.
There is a standard exact sequence
0—=IcNiler = Ic®ler — o+ 1cr — 0.

Now, I N I = Ix and [y is the saturation of I + I¢r.
There is a process called sheafification that converts graded modules to sheaves, and it
respects short exact sequences. We get, for any integer ¢, the exact sequence

0— Ix(t) — Ic<t> @Icl(t) — Iy(t) — 0.

Taking cohomology we would get long exact sequence at this point, but since X is ACM it
turns out that h'(Zx(t)) = 0 for all ¢, so in fact (taking a direct sum over all ¢) we have a
short exact sequence of saturated homogeneous ideals

0—>Ix—>I1cP Il — Iy — 0.

We know the minimal free resolution for Ix from the Koszul resolution, and we wrote the
minimal free resolutions for I and I above, so we have

0 0
\ \

R(—a —10) Fy @ Gy
4 4

R(—a) ® R(—b) F, &G,y
4 4

0 — Ix = Ic®lco — Iy — 0

4 {
0 0

There are induced horizontal maps, and applying the construction of the mapping cone, one
obtains the free resolution

0— R(—a—0b) = R(—a) & R(-b)&F, &Gy > F, &Gy — Iy — 0.

This resolution is not minimal, but the fact that at the end we have only rank 1 (namely
R(—a—b) and the fact that Y has codimension 3 means that Y is not only ACM but in fact
also AG.
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7. ARTINIAN REDUCTIONS AND h-VECTORS

We now explore the relation between the Hilbert function of a graded Cohen-Macaulay
algebra and that of any artinian reduction. See Proposition 3.23.
Proposition 7.1. Let R = k[xq, ..., x,] and let I be a homogeneous ideal of R.
(a) Assume that I is saturated and that L is a general linear form. Then the Hilbert
Junction of R/(I, L) is Ahg;.

(b) Let A = R/I be a Cohen-Macaulay algebra of Krull dimension d. Let Ly,..., Ly
be a regqular sequence of linear forms for A and let B = A/(Lq,...,Lq)A be the
corresponding artinian reduction. Then the Hilbert function of B is

hp(t) = A%h(t).
It takes the value zero for all t > 0.

Proof. The assumptions of (a) imply that L is a non-zerodivisor for R/I (Exercise 34 and
Remark 3.8). Then as in (4.1), we have the exact sequence

0 — [R/T), 2% [R/T)es1 — [R/(I, L)}i11 — O

from which the result follows by exactness. This proves (a).

For (b), since R/I is Cohen-Macaulay and Ly,..., Ly is a regular sequence for R/I, we
have for any 1 < ¢ < d a short exact sequence
(7.1)

0— [R/(I, Ll, R 7Li—1>]t—1 g [R/<I, Ll, e Li—l)]t — [R/<I7 Ll, e Lz‘—la Lz)]t —0
(where the case i = 1 refers to the homomorphism [R/I]; xhy [R/I];+1). Then the result
follows by induction on d and again by exactness of this sequence. The fact that it is

eventually zero comes from the fact that artinian algebras are finite dimensional vector
spaces over k. O

Definition 7.2. Let A = R/I be a Cohen-Macaulay algebra of Krull dimension d, let
Lq,..., Lg be a regular sequence of linear forms for A and let B = A/(L4, ..., Lq)A be the

corresponding artinian reduction as in Proposition 7.1. Ignoring zero values, the Hilbert
function hp(t) = A%h(t) is called the h-vector of V.

Example 7.3.
1. Let V be a set of 12 general points in the plane. Then the Hilbert function of V' is
hy = (1,3,6,10,12,12,...)
so the h-vector is (1,2, 3,4, 2).
2. Let V be the twisted cubic curve in P2. Then the Hilbert function of V is
hy = (1,4,7,10,...).

We know that V' is ACM (Example 3.19) with d = Kdim(R/Iyy) = 2. Thus by
Proposition 7.1 we get

Ahy = (1,3,3,3,...)
and the h-vector is A%hy = (1,2).
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3. Let V be the complete intersection in P* of a quadric hypersurface and a cubic
hypersurface. This illustrates Remark 3.20 and Remark 4.8. Then the saturated
homogeneous ideal of V' has two minimal generators, one of degree 2 and one of
degree 3. These two polynomials form a regular sequence (since the codimension is
equal to the number of generators). It can be shown that the Hilbert polynomial of
V is py = 3t? + 2 so the degree is 3-2! = 6 = 2 - 3 (the latter being the product of
the degrees of the minimal generators). In fact the Hilbert function is

hy = (1,5,14,29,50,77,...)
SO
Ahy = (1,4,9,15,21,27,...), A?hy =(1,3,5,6,6,6,...), A%hy =(1,2,2,1)
and this latter is the h-vector.
4. Let C be a line in P3. Let’s find its Hilbert function hc in a more geometric way.
(a) Certainly dim[/¢]o = 0 so
he(0) = dim[R]p — dim[Ic]o=1—-0=1.
(b) There are two independent linear forms containing C' (since a line is the inter-
section of two planes in P?). So dim[I¢]; = 2 and

he(l) = dim[R]; — dim[l¢]; =4 —2 =2.

(c) Let t > 2. Choose any t+ 1 points, Py, ..., P,y of C. Verify the following facts.

(i) If F' is a homogeneous polynomial of degree ¢ vanishing at Pp,..., Py
then F' vanishes on all of C.

(ii) There exists F' homogeneous of degree ¢ vanishing on any ¢ of the points
P, ..., P,y1 but not vanishing on all of C. (Think of unions of planes.)

It follows from these two facts that C' imposes t + 1 independent conditions on
forms of degree ¢t. Thus

ho(t) = dim[R); — dim[l¢]; = dim[R]; — (dim[R]; — (t + 1)) =t + 1.
So the Hilbert function of C'is (1,2,3,4,...).

Exercise 42. (a) Prove that five points in P? fail to impose independent conditions on
plane cubics (i.e. forms of degree 3 in C|xg, 21, x5]) if and only if they all lie on a line.

(b) If V is a set of seven points lying on an irreducible conic in P?, prove that its Hilbert
function is the sequence (1,3,5,7,7,7,...). (Hint: you can use without proof the
fact that it’s impossible to have three collinear points on an irreducible conic.)

(c) Describe what a set of points would look like if its Hilbert function is
(1,3,5,6,7,7,7,...).

(Hint: T would start by seeing what the “5” tells you; you can use the result of (b)
even if you didn’t solve it.)
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Exercise 43. Let C be a set of two skew lines in P?, which we have seen is not ACM
(Exercise 31). Without loss of generality assume that R = k[w,z,y, z] and C = V(w,x) U
V(y, z). It happens to be true that I = (wy, wz, zy, xz), and you can use this fact without
proof.

(a) Find the Hilbert function of R/I¢.
(b) The Krull dimension of R/I¢ is 2. What is A?hg?

Remark 7.4. Note that if R/I is CM then its Hilbert function can be computed from that
of the general artinian reduction by “integrating.” For instance, in Example 7.3 (3) above,
starting from the h-vector we could work backwards to obtain

(1,2,2,1)
(1,1+2,1+2+2,1+24+241,14242+1+0,...)=(1,3,5,6,6,...)
(1,4,9,15,21,27,...)

(1,5,14,29,50,77,...)

In fact, if V is ACM then its degree can be gotten simply by adding the entries of the
h-vector.

Exercise 44. If V is a finite set of points with h-vector (1,aq,as,...,aq), show that the
number of points of V' is 1 +a; + - -- 4+ a4. (Hint: see Remarks 4.11 and 7.4.)

Exercise 45. All of these calculations depend on the assumption that V is arithmetically
Cohen-Macaulay, i.e. that R/Iy is a Cohen-Macaulay ring. Why?

Exercise 46. Suppose that V is an ACM surface (i.e. 2-dimensional) in P% with h-vector
(1,4,7,8,2). Find the degree of V' and find the Hilbert function of V' (as a sequence, not
necessarily in closed form).

Exercise 47. Let R = k[w, z,y, z| and suppose I C R is a homogeneous ideal with Hilbert
function

hrr(t) = (1,4,3,4,5,...).
Prove that I is not saturated, and describe geometrically the saturation % of I, and find
its Hilbert function. (Hint: See Example 7.3 (4).)

8. LEFSCHETZ PROPERTIES

In studying the depth of R/I we saw that it involves the injectivity of the multiplication
x L, where L is a linear form. (See Remark 3.12.) Notice that the next best thing to
injectivity is surjectivity, and for some algebras R/I it can happen that for a general linear
form L, the multiplication XL : [R/I]; — [R/I]i+1 is not always injective (i.e. the depth of
R/I is zero), but XL is either injective or surjective for each ¢ (in fact it is injective up to a
certain degree and then surjective for each degree after that). This certainly is not true for
all algebras, as we will see, and our focus will be on figuring out for which algebras R/ this
desirable property actually does hold.

Definition 8.1. A graded algebra R/I has the Weak Lefschetz Property (WLP) if, for a
general linear form L, the homomorphism defined by the multiplication xL : [R/I];_; —
[R/I]; has maximal rank for all t. It has the Strong Lefschetz Property (SLP) if xL® :
[R/I];—q — [R/I]; has maximal rank for all ¢ and all d.
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Good general references for the Lefschetz properties are [MN1] and [HMMNWW]. The
former is attached to these notes.

Remark 8.2. We have defined the WLP and SLP for standard graded algebras R/I, but
indeed the exact same definitions apply if we replace R/I by any finite length graded R-

module M. We will stick with the more restricted definition since that is the most studied
situation, but see also [Mil], [FFP], [Marl], [Mar2] and [Mar3].

The following are some specific kinds of algebras R/I that have been the focus of research
by different authors. You will see many more in the parallel courses by Pedro Macias Marques
and Alexandra Seceleanu. The references that I've given for each topic are far from complete,
and should just get you started if you pursue any of these directions. We will only talk about
a couple of these, and not in a comprehensive way.

1. Complete intersections
Some references: [HMNW], [MN2], [1], [AR], [BMMN1], [BMMNZ2];
2. Gorenstein algebras
Some references: [Ik|, [B], [BMMNZ2], [G], [GZ], [AAISY];
3. Ideals generated by powers of linear forms
Some references: [SS], [MMN2], [HSS], [MM], [BL], [MN3], [MT], [HMNT],
[POLITUSJ;
4. Monomial ideals and ideals coming from combinatorics in different ways.
Some references: [BMMNZ1], [MMN1], [AB], [AL], [CN], [CJMN].

Remark 8.3. It is important to notice that as L ranges over [R];, the rank of XL is lower
semicontinuous, meaning that there is an open set where it achieves the greatest rank among
all such L, and special L could have lower ranks. Thus to prove that R/I has WLP or SLP, it
is enough to find one linear form giving maximal rank. (For example, think of a 3 x 3 matrix
of linear forms. For most choices of values to plug in for the variables, the determinant
will be non-zero, so you get rank 3, but for special entries the determinant is 0 so the rank
drops.) A linear form L for which the multiplication has maximal rank in all degrees is called
a Lefschetz element for R/I.

Recall that the Hilbert function of an artinian graded algebra can be represented by a
finite sequence of positive integers. If R/I is a graded artinian algebra then there is a last
non-zero component, say [R/I],. Hence there is no hope that XL : [R/I]; — [R/I]¢+1 is
injective for all ¢, since in particular [R/I], — [R/I],+1 is not injective. But there is hope
that the WLP might hold. It is interesting to study what properties prevent WLP from
holding and what properties guarantee it.

Lemma 8.4. Let R/I be an artinian graded algebra and let L be a linear form. If XL :
[R/I);—1 — [R/I]; is surjective then XL : [R/I)i—14r — [R/I]1+, is surjective for all v > 0.

Proof. Consider the exact sequence from Remark 3.12:

e e v (1

In particular we have the exact sequence

[R/Ii-1 =5 [R/I); — [R/(I, L)), — 0
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and the last vector space in this sequence is zero if and only if x L is surjective in that degree.
But R/(I, L) is a standard graded algebra, so once it is zero in one degree, it is zero forever
after. U

Exercise 48. Prove that if the Artinian algebra R/I has the WLP then the Hilbert func-
tion of R/I is unimodal. In fact, show that it is strictly increasing for a while, then non-
increasing (but not necessarily strictly decreasing), but eventually zero. See the attached
paper [HMNW] for a complete characterization of the shape of the Hilbert function of an al-
gebra with the WLP (in fact the same description holds for SLP!). For example, the Hilbert
function cannot be (1,4,7,6,7,3) even though one might hope that xL could be injective
at first, then surjective, then injective again, then surjective.

Exercise 49. An important tool for studying Lefschetz properties for monomial algebras is
the fact that R/l has the WLP (or SLP) if and only if the linear form given by the sum of
the variables is a Lefschetz element. This was first proved in [MMN1], and we’ll also talk
about it in class. Write the proof carefully.

Exercise 50. Let I = (z%,¢y% 2%) C R = k[x,y, 2]. For this exercise see also Examples 8.6
and 8.7.

(a) Prove that the Hilbert function of R/I is (1,3, 3, 1) (writing only the non-zero values).

(b) Let L = x+y+ z. Show that x L is injective from degree 0 to degree 1 and surjective
from degree 2 to degree 3.

(c) Show that x L is bijective from degree 1 to degree 2 if and only if char(k) # 2.
Combining (b) and (c), conclude that R/I has the WLP if and only if char(k) # 2.

(d) If char(k) = 2, find an element in [R/I]; which is in the kernel of x(x + y + z) from
degree 1 to degree 2.

Remark 8.5. 1. In the example given in Exercise 50, [ is not saturated, but still it
behaves in a much better way than the ideal in Example 3.5. This is because [ is
what is called a complete intersection (even though it is artinian as well).

2. Exercise 50 illustrates the fact that the characteristic sometimes plays an interesting
role in the study of the Weak Lefschetz property, as do monomial ideals and as do
complete intersections. Maybe one of the most important open questions about the
WLP is whether all artinian complete intersections in > 4 variables have the WLP,
in characteristic zero. It is known to be true for monomial complete intersections,
but not known for arbitrary complete intersections.

Exercise 51. This example appeared first in [BK] Example 3.1. Let R = k[z,y, z] and
I = (2393 23 zyz).
(a) Prove that R/I is artinian.

(b) Find the Hilbert function of R/I.

(c) Show that R/I fails the WLP in any characteristic. (Hint: focus on the multiplication
from degree 2 to degree 3. It is a fact, which you can use, that for studying WLP for
a monomial ideal, it is enough to consider XL for L = x 4+ y + z.)

The paper [MMN1] extends this, exploring the WLP more generally for monomial ideals
in n 4+ 1 variables having n + 2 minimal generators and containing powers of each of the
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variables (i.e. almost complete intersections). The ideal in Exercise 51 is a specific example
of the case n = 2. The main results of [MMN1] are for n = 2. This paper is attached in the
last part of these notes.

Example 8.6. Let I = (2%, y3) C k[x,y], where k is any field. The Hilbert function of R/
is

1 ift=0;
2 ift=1;
dim[R/I], = ¢ 2 ift=2;
1 ift=3;
0 ift>4.

Since I is a monomial ideal, we can use Exercise 49 to study the WLP for R/I. So let
L =xz+y. We claim that xL: [R/I],_y — [R/I]; is

e injective for ¢t <1

e an isomorphism for ¢t = 2

e surjective for ¢t > 2.

Let us check what happens in the middle, i.e. from degree 1 to degree 2. Let f = az + by €
[R]y = [R/I];. Then
Lf = (z +y)(az + by) = (a + b)zy + by?
(using the fact that 22 = 0 in R/I). In order for Lf to be zero in R/I, then, we need a = —b
and b = 0. Thus a = b =0 and so x L is an isomorphism in this degree as desired.
We will see later that by duality (see section 11 below), the calculation we just made in
fact proves the full WLP in this example.

Example 8.7. Let I = (23,43, 23) C Zs[z,y,2]. We leave it to you to check that the
Hilbert function of R/I is the sequence (1,3,6,7,6,3,1). Let L = ax + by + cz be any linear
form (even though we know that it is enough to study L = = + y + z). We claim that
xL : [R/I]s — [R/I]3 has a nonzero kernel, so R/I fails WLP. Indeed, working for now in
R itself we have

L-I?=1°= (azx + by + 02)3 =ad® + b3y3 + 32 e []5

so X L does indeed have a nonzero kernel. This example stresses the important role that the
field can play.

9. THE NON-LEFSCHETZ LOCUS

The name “non-Lefschetz locus” was introduced in [BMMN1], and indeed the most thor-
ough treatment can be found there. See also [Marl], [Mar2] and [Mar3] for more recent work
on this topic.

Definition 9.1. Let R/I be a standard graded k-algebra, where k is a field. The non-
Lefschetz locus of R/I is the set Lg/; of linear forms of R that are not Lefschetz elements
(i.e. such that the corresponding multiplication does not have maximal rank).

Remark 9.2. 1. Since multiplication by a nonzero scalar does not affect the rank of
x L, we view L/ as a subset of P"~! rather than of [R];, where n is the number of
variables.
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2. Lpg/r actually has a scheme structure, which we will not worry about here. But see
[Mil] and [BMMN1] (especially the latter) for details.

3. It is often convenient to restrict to the multiplication x L from a fixed degree to the
next in R/I. In very nice situations (e.g. when R/I is Gorenstein), it is enough to
find this locus in one specific degree in order to know it for all of R/I. Again see
[BMMNT1].

4. Notice that Lg,; could be empty and it could also be all of P*~'. In fact, by definition
R/I fails WLP exactly when Lg,; = P"'.

5. In this section we have worked in the context of a graded k-algebra R/I. However,
the definitions of WLP, of Lefschetz elements and of non-Lefschetz locus work for any
graded R-module.

The notion of studying the linear forms that fail to give maximal rank for multiplication on
graded modules is really a question about determinantal varieties, and as such is a classical
idea. Next we give an example where we compute a non-Lefschetz locus, and we give an
application to liaison theory due to Joe Harris.

Example 9.3. This example gives an interesting application of the non-Lefschetz locus to
liaison theory, originally due to Joe Harris.
Let I = (z,y,z,w?) C Clz,y, z,w]. It’s easy to check that

. 1 ift=0,1;
dlm[R/[]t:{ 0 ift#0,1.

First let us find the non-Lefschetz locus for R/I. Let L = ax + by + ¢z + dw € [R];. We
want to know for which a, b, ¢, d is it true that x L fails to have maximal rank from degree 0
to degree 1. In this case, failure of maximal rank is equivalent to x L being the zero map.

Take as a basis for [R/I]y the element 1, and as a basis for [R/I]; the element w. Clearly
(ax+by+cz+dw)(1) =0in R/I if and only if d = 0. Thinking of [R]; as an affine space, the
non-Lefschetz locus is the hyperplane defined by d = 0. Projectivizing this, we get that the
non-Lefschetz locus Lr/; C P? is the plane defined by V(d) (note that the variables defining
this projective space are a, b, ¢, d).

This example originally arose in a very different setting, which we now describe (and was
Harris’ original motivation for his suggestion).

For curves in P? (and in fact much more generally, but here we restrict the setting) there
is an equivalence relation called liaison. Two curves are directly linked (essentially) if their
union is a complete intersection. The notion of direct linkage generates an equivalence
relation called liaison. (Direct linkage satisfies the symmetric property but not the reflexive
or transitive properties.) There is a graded module called the Hartshorne-Rao module

M(C) = @) H'(Ze(1))
tez
that is an invariant of the liaison class of C' up to shifts and duals. Harris noticed that
the non-Lefschetz locus (using the modern name) is an isomorphism invariant, so it has
information for us about the liaison class. (See [Mi2] for details.)

Now let C' be the disjoint union of a line A and a conic Y in P3. ) meets the plane of Y
in a point, P. It turns out that M (C) is isomorphic to R/(I) + Iy). When P = [0,0,0, 1],
we get M(C') is precisely the ring R/I of this example. Otherwise it differs by a change of
variables. Omitting a lot of details, including a very powerful theorem of Rao from [Rao],
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one shows that if C” is another curve consisting of the disjoint union of a line and a conic
then C' is linked (in a finite number of steps) to C” if and only if C' and C” share the same
distinguished point P.

10. HILBERT FUNCTIONS OF (GORENSTEIN ALGEBRAS

The study of Hilbert functions of artinian Gorenstein algebras is far from complete, but
there are many fascinating results that are known. In this section we will describe some of
this work, especially as it relates to the question of WLP and/or SLP.

We first remind the reader of the important fact that the Hilbert function of an artinian
Gorenstein algebra is symmetric (see Remark 5.1). We will see that there is only one obvious
condition on a symmetric Hilbert function that forces the WLP to hold, but there is much
more in the direction of Hilbert functions that force WLP not to hold for Gorenstein algebras.
And there is a lot that has been discovered in the non-WLP setting.

10.1. Hilbert functions of Gorenstein algebras with the WLP. As we have said,
we have a complete understanding of the possible Hilbert functions of artinian Gorenstein
algebras with the WLP. We will describe this in this subsection.

Definition 10.1. Let
h = (17 h17 h’27 h37 s 7h6—37 he—27 h6—17 h’e = 1)

be a symmetric vector of positive integers.
Consider the first difference sequence given by

gi:hi_hi—l for 1§Z§ LEJ

(see Remark 4.6). Then we say that h is an Sl-sequence if both h and g are O-sequences
(see Definition 4.10).

The term “Sl-sequence” is named after Stanley and Iarrobino. The following exercise and
theorem together give a complete classification of the Hilbert functions of artinian Gorenstein
algebras with the WLP.

Exercise 52. Let R/I be an artinian graded Gorenstein algebra and let h be its Hilbert
function. If R/I has the WLP then prove that h is an Sl-sequence. [Hint: See Remark 3.12
and Proposition 11.1 below.]

We will see that the converse of the statement in Exercise 52 is not true (see the de-
scription of ITkeda’s example below): if R/I is Gorenstein and the Hilbert function of R/
is an Sl-sequence, it almost never forces R/I to have the WLP. See Remark 10.4, though.
However, a partial converse does hold and it completes the classification of Hilbert functions
of Gorenstein algebras with the WLP.

Theorem 10.2 ([Harimal). If h is an SI-sequence (for any number of variables hy ) then there
exists a standard graded artinian Gorenstein algebra R/I with Hilbert function h, having the
WLP.

Now we briefly consider a special kind of Gorenstein algebra, and we will see that it is
forced to have the WLP.
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Definition 10.3. A compressed Gorenstein algebra is one for which the Hilbert function is
as big as possible. Thanks to symmetry, this means that the Hilbert function is of the form

d—1 d d—1
1 1
(7376’ 7( 2 )7<2>7( 2 )7 ’6737 )

in the case of even socle degree (i.e. the last non-zero entry is in even degree) and of the

form d—1\ /[d\ [(d\ [d—1
1 RN ) 1
( 73767 7( 2 )7 (2)7 (2>’< 2 )7 76737 )

in the case of odd socle degree.

Exercise 53. Verify that the Hilbert function of a compressed Gorenstein algebra is an
SI-sequence.

Remark 10.4. In general, the Hilbert function of an algebra R/I (not necessarily Goren-
stein) does not force it to have the WLP, nor to fail to have the WLP. However, there is a
class of algebras for which the Hilbert function does force the WLP, and this was described
in [MZ2]. We will omit details here.

For Gorenstein algebras of arbitrary codimension, though, there is one type of Hilbert
function that clearly forces the WLP, and one trait of the Hilbert function that forces WLP
to fail. We describe them now. (We do not in any way claim that either of these is the only
example with the claimed property.)

First, if h is a compressed artinian Gorenstein algebra of even socle degree e and R/I has
Hilbert function h then clearly R/I has the WLP. Indeed, up to and including degree §, I is
zero so R/I coincides with R and multiplication by any linear form is injective. But we have
reached the middle of the h-vector, so by duality all other maps are surjective, and WLP
holds. Notice that if R/I has odd socle degree then even if it is compressed, the middle map
can fail to be an isomorphism. This happens, for instance, in Ikeda’s example [Ik] described
below.

Second, we saw in Exercise 48 that if R/I (not necessarily Gorenstein) has the WLP then
its Hilbert function is unimodal. Thus any artinian algebra whose Hilbert function is not
unimodal must fail WLP.

But we now have an even stronger condition for Gorenstein algebras. In Exercise 52 we
saw that an artinian Gorenstein algebra whose Hilbert function is not an SI sequence has no
hope of having the WLP, even if it is unimodal. Artinian Gorenstein algebras whose Hilbert
functions are unimodal but not SI have been studied in [MZ3]. This extends the observation
in Remark 10.4 about non-unimodal Hilbert functions forcing the WLP to fail.

Exercise 54. Find a sequence that is
e symmetric;
e an O-sequence;
e unimodal;

but is not an SI-sequence. (You do not have to find an explicit algebra with these properties,
only a sequence. But see [MZ3] for results on such algebras.)

We remark here that since your solution to this problem is at least an O-sequence,
Macaulay’s theorem (Theorem 4.10) guarantees that there is a standard graded artinian
algebra with this Hilbert function; what’s new here is that this algebra can never be Goren-
stein.
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10.2. Hilbert functions of Gorenstein algebras not necessarily with the WLP. If
our artinian Gorenstein algebra R/I does not necessarily have the WLP, a great deal of very
interesting research has been done to study the possible Hilbert functions, even though we are
far from a complete classification as we had when WLP is assumed. In this subsection we will
sketch some of what is known. We will divide our discussion according to the codimension.

10.2.1. Two wvariables. We will see shortly that in this setting everything has the SLP (at
least in characteristic zero). However, for our purposes we recall from Exercise 38 that any
artinian Gorenstein algebra over k[z,y] is in fact a complete intersection. Thus the relevant
fact is encapsulated by the following exercise.

Exercise 55. (a) Show that the Hilbert function of any complete intersection klz,y|/I
has the form

(1,2,3,4,....m—1mm,....mm—1,...,4,3,21)

where the number of m’s in the middle is arbitrary. With this notation, the ideal [ is
of the form I = (f,g), where f has degree m and the degree of g is the degree where
the second m — 1 occurs in the Hilbert function. If f and g both have degree m then
there is only one m in the Hilbert function.

(b) Confirm that such a sequence is an Sl-sequence.

10.2.2. Three variables. We saw in the last section that in any number of variables, the
SI-sequences are precisely the Hilbert functions of artinian Gorenstein algebras with the
WLP.

On the other hand, we have noted that in three variables it is an open question whether
all codimension 3 artinian Gorenstein algebras have the WLP. It may be surprising, then,
to know the following fact, originally due to Richard Stanley (see also Zanello [Z]), that
could be interpreted as suggesting that it might be true that all codimension 3 artinian
Gorenstein algebras have the WLP. (But before you get too excited about this possiblity,
see the situation in codimension 4.)

Theorem 10.5 ([St2]). If R/I is a codimension 3 artinian Gorenstein algebra then it’s
Hilbert function is an SI-sequence.

10.2.3. Four variables. The first thing to note is that in this situation it is known that WLP
does not necessarily hold! (This explains why Question 11.4 below is only in codimension
3.) The first example is due to Ikeda ([Ik] Example 4.4). Her example has Hilbert function
(1,4,10,10,4,1). Notice that this is unimodal and even compressed, so it gives the first
example that although WLP implies unimodal (and in fact SI), the converse is not true.

In fact, there is suggestive evidence that the Hilbert function of a codimension 4 artinian
Gorenstein algebra is always an SI sequence. Indeed, apart from the fact that there is no
known counter-example, it was shown in [MNZ2] that any artinian Gorenstein algebra with
Hilbert function

(1,4, ho, hg, hyy ... he_3,he2,4,1)

and hy < 33 has Hilbert function that is an SI sequence (which of course is even stronger than
simply being unimodal). This was extended by Seo and Srinivasan [SeSr] to the case hy = 34.
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So one can pose the question whether the Hilbert functions of all artinian Gorenstein algebras
of codimension 4 are SI sequences, and we conjecture that the answer is “yes:”

Conjecture 10.6. Let R/I be a codimension 4 artinian Gorenstein algebra with Hilbert
function

h - (1747 h27 h37h47 s )h47 h37 h2747 1)

Then h is an SI-sequence.

If this turns out to be correct, it makes a very nice conjectural bridge from the codi-
mension 3 case to the codimension 4 case to the codimension > 5 case, since conjecturally
in codimension 3 all Gorenstein algebras have the WLP and SI Hilbert functions, while in
codimension 4 they definitely do not all have the WLP but nevertheless (conjecturally) all
have SI Hilbert functions, and in codimension > 5 we will see that the Hilbert functions are
not even necessarily unimodal.

10.2.4. > 5 wvariables. Recall from Exercise 48 that if the Hilbert function of an artinian
Gorenstein algebra R/I is not unimodal (or even if it is unimodal but not SI) then R/I
cannot have the WLP. Still, it is of great interest to try to understand these Hilbert functions
for their own sake.

A lot of papers have been written on the general theme of “how non-unimodal can a
Gorenstein sequence be?” Of course once it is non-unimodal then WLP does not hold, but
still it is an interesting question to try to determine the extent to which non-unimodality is
possible. So many papers have appeared on this topic that we will not make any effort here
to try to list them all, and will just point to a few highlights.

The first non-unimodal Gorenstein sequence was found by Richard Stanley in 1978 [St2].
It is the sequence (1,13,12,13,1). It was shown in [MZ1] that among Gorenstein algebras
with socle degree 4 (meaning that the end of the Hilbert function is in degree 4), this has
the smallest value of hy, i.e. 13 is the smallest codimension that occurs among non-unimodal
Gorenstein Hilbert functions of socle degree 4.

The first challenge, then, was to restrict to Gorenstein algebras of socle degree 4. Knowing
that 13 is the smallest possible h;, the natural question is to ask how big h; — hy can be.
Not surprisingly, this depends on how big h; is. Quite a few papers have been written on
this topic, but we will just mention that Stanley conjectured the following. For given value
hy = r, let f(r) be the smallest possible value for hy. Then

tim L) _ g

r—oo 1°2/3

This conjecture was proven in [MNZ3]. Other asymptotic results (including for higher socle
degree) have been proven (e.g. [MNZ4], [BGIZ]).

If one does not care about socle degree 4, it is known that non-unimodal Gorenstein
examples exist for all codimensions > 5. (Again, codimension 4 is open.) The first example
in codimension 5 was given by D. Bernstein and A. Iarrobino in [BI]. In fact, it is known
that a Gorenstein sequence can even have as many “valleys” as you like — this was shown
by M. Boij [B]. Finally, we recall that in [MZ3] it was shown by J. Migliore and F. Zanello
that artinian Gorenstein algebras exist whose Hilbert function is unimodal but is not SI, so
also these algebras must fail WLP.
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11. PROVING WLP FOR ARTINIAN GORENSTEIN ALGEBRAS, INCLUDING COMPLETE
INTERSECTIONS

Now let’s return to the WLP question. We begin our discussion with some additional facts
about artinian Gorenstein algebras, and connections between their Hilbert functions and the
WLP question. Recall that we have already seen that if R/I is artinian Gorenstein then
its Hilbert function is an SI-sequence, and all SI-sequences are represented by some artinian
Gorenstein algebra, even if it is not true that SI alone implies that R/I has the WLP (as
evidenced by Ikeda’s example [Ik]).

The reader may have noticed that the definition of WLP, and of non-Lefschetz locus,
involves a consideration of all of the maps between components of R/I, or of M in the more
general setting of graded modules — see Remark 9.2 (5). In the case of graded modules, we
have no choice (in general) but to look at all pairs of consecutive components. However, for
k-algebras R/I it often happens that we can prove shortcuts and work around this issue. The
first instance of this is Lemma 8.4, where we saw that for any artinian R/l (not necessarily
Gorenstein), once x L is surjective in one spot, it is automatically surjective from that point
on.

The best of all worlds is the case of Gorenstein algebras (including complete intersec-
tions). The important starting point to studying WLP for artinian Gorenstein algebras is
the following. Recall that for an artinian algebra R/I, the socle degree is the degree of the
last non-zero component of R/I. Also, for a real number ¢, [¢] is the “round-up” of t (e.g.

5

[2] = 2), and analogously for the round-down [t] (e.g. [2] =1).

Proposition 11.1. Let R/I be Gorenstein of socle degree e and let L be a general linear
form. The following are equivalent.

1. R/I has WLP.

2. xL:[R/I,_1 — [R/I]; is injective for all t < [5].

8. XL :[R/I|;—1 — [R/I]; is surjective for all t > [<5].
4. XL [R/I]re1-1 — [R/I][g is injective.

5. XL :[R/Iltesiy_y = [R/]jesry is surjective

Remark 11.2. The point of this proposition is to realize that for artinian Gorenstein alge-
bras, injectivity on the left half is equivalent to surjectivity on the right half, and furthermore
there is one spot whose injectivity implies the full WLP, and one spot where the surjectivity
implies the full WLP. Furthermore, when e is odd, the spots coincide and we can look for
either injectivity or surjectivity, whichever may be easier.

Proof of Proposition 11.1. The heart of the matter is Remark 5.1. In general, when R/
is artinian, its k-dual is isomorphic to a twist of the canonical module, so when R/I is
Gorenstein as well, up to twist R/I is self-dual.

Since R/I has socle degree e, by self-duality, in particular we have dimy[R/I]. = 1. Then
if we make a suitable choice of bases for all the homogeneous components of R/I, a matrix
representing x L from degree ¢t — 1 to degree t is the transpose of the matrix for x L from
degree e —t to degree e — t + 1.

The numerical conditions in items 2. and 3. represent the degrees “closest to the middle”
where we expect injectivity (respectively surjectivity). For example, for the Hilbert function
(1,3,3,1) we have e = 3 and both [£] and [<5*] represent ¢ = 2, so both refer to the map

2
from degree 1 to degree 2. On the other hand, when the Hilbert function is (1,3,6,3,1) we
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have e = 4, so the bound [$] in condition 2. represents the map from degree 1 to degree 2
(the last place where we expect injectivity, while the bound f%} in condition 3. represents
the map from degree 2 to degree 3 (the first place where we expect surjectivity).

It’s clear that condition 1. implies all of the other conditions, and that 2. and 3. together
imply 1. It’s also clear that condition 2. implies condition 4. and condition 3. implies con-
dition 5. The fact that 2. and 3. are equivalent comes from the self-duality and the above
observation about the matrices. (The rank of a matrix is unaffected by taking the transpose.)

The fact that 4. and 5. are equivalent also comes from self-duality, noticing that in one
situation (e odd) we are talking about the same map and getting that it is an isomorphism
(injectivity is equivalent to surjectivity).

The implication 5. implies 3. comes from Lemma 8.4. This completes the proof. (Note
that we never directly prove that 4. implies 2., but rather invoke self-duality to get it for
free.) O

Two of the most important open questions about the WLP are the following.

Question 11.3. In characteristic zero, does every artinian complete intersection, in any
number of variables, have the WLP? Same question for SLP.

Question 11.4. In characteristic zero, does every artinian Gorenstein algebra in three vari-
ables have the WLP? Same question for SLP.

In the case of Question 11.3, the conjecture that the answer is “yes” first appeared in
[RRR]). In the case of Question 11.4, it was mentioned in [Ik] that “(i)t is conjectured” to
be true in codimension 3, without an explicit reference; it was also explicitly conjectured in
[BMMNZ2] in codimension 3. The most complete results in codimension 3 about Question
11.4 can be found in the latter paper. We will describe the situation more carefully below.
But we begin with the complete intersection situation.

11.1. The WLP for complete intersections. We will first focus on Question 11.3. Our
main goal in this subsection is to describe what is known about this question.

Let R = k[z1,...,x,], where (as usual) k has characteristic zero, and let [ = (Fy,..., F},)
be a complete intersection. Let d; = deg F; for 1 < i < n. We start with a by-now classical
result for a special choice of the Fj. In our opinion, this theorem launched the entire field
of Lefschetz theory that this school is about, since it leads to questions about complete
intersections, Gorenstein algebras, monomial ideals, level algebras, and more.

Theorem 11.5 ([St1], [W], [RRR]). Let I = (2" ... x%). Then R/I has the SLP.

n

For the next result, note that the space parametrizing complete intersections of fixed
generator degrees is irreducible, so a “general complete intersection” makes sense. (It is
understood in using the term “general” that the generator degrees are fixed.)

Corollary 11.6. A general complete intersection in any number of variables has the SLP.

The idea is that since the parameter space is irreducible, by semicontinuity it is enough
to find one example where SLP holds in order to say that it holds for the general complete
intersection, and the prior result provides that example.

Beyond this result, what we know is quite sparse. It is convenient to describe the re-
sults according to the number of variables. We remind the reader that we are assuming
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characteristic zero, and we will not keep restating that. Also, following convention, by “ar-
tinian Gorenstein algebra R/I of codimension n” we mean that the polynomial ring R has
n variables.

11.1.1. Two variables. In this case everything has SLP:

Theorem 11.7 ([HMNW] Proposition 4.4 attached to these notes). If n = 2 then for any
homogeneous ideal J, R/J has the SLP. In particular, of course, all complete intersections

have the WLP.

11.1.2. Three variables.

Theorem 11.8 ([HMNW] Theorem 2.3 and Corollary 2.4 attached to these notes). If n =3
then every complete intersection has the WLP.

Proof. Here is the idea of the proof from [HMNW] (see the attached paper). Let I =
(F1, Fy, F3) be a complete intersection, and assume that d; = deg F;. For convenience assume
dy < dy < ds.

When ds > dy + dy — 3, a simpler proof was already known from work of Watanabe [W2]
that R/I has the WLP. So we can assume without loss of generality that ds < d; 4+ ds — 3.

Start with the minimal free resolution of the complete intersection ideal I = (Fy, Fy, F3).
Then we have the Koszul resolution

[F1,F»,F3]

0= R(—dy —dy—d3) » €D R(~di—d;) % P R(~d;) —"% R~ R/T 0.
1<i<j<3 i=13
Consider the commutative diagram of graded modules obtained from the Koszul resolution
and considering multiplication by a general linear form L:

0 0
{ 1
0 = BE(-1) — F(-1) 228 p1y o (R/)(-1) — 0
M I xL I xL
0o E - F ORA R = R/ = 0
{ 1
F R
{ {
0 0

where:
e IF] = @?:1 R(—dl),

e [ is the kernel of the homomorphism given by [F}, F5, F3]. (This is the syzygy module
— it is also the image of ¢ in the Koszul resolution above. The cokernel of ¢ is the
ideal I.)

e the bars I} and R denote the restriction of these free modules to R/(L) = k[z, y);
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L 0 0
0 L O
0 0 L

Notice that the first vertical exact sequence in the commutative diagram is the direct sum
of three copies of the exact sequence

e M is the matrix ;

0= R(-1) 2L R R0

twisted by —dy, —dy, —d3 respectively.

We then sheafify. It turns out that the sheafification of E' is a locally free sheaf (because
R/I is artinian). Let A be the line in P? defined by L. We get the commutative diagram of
sheaves

0 0 0
I I 1

0 = &-1) — F(-1) BB oLy 5 oo
1 1 1

0 - & = F [ F Bl Op2  — 0
I I - 1

0 = & —» A LF, 12,15 O, — 0
I I 1
0 0 0.

Notice that @,., H'(E(t)) = R/I.

Now the whole proof hinges on applying the Grauert-Miilich theorem to £. (This is a
theorem that talks about the splitting type of the restriction of a vector bundle to a general
line.) Our assumption that d3 < dy 4+ dy — 3 forces £ to be semistable, which means that we
can apply Grauert-Miilich.

Consider the restriction €|y. A theorem of Grothendieck says that this restriction splits
as a direct sum O,(a) @ O,(b). Grauert-Miilich then says that |a — b < 1. Using the
commutative diagram of sheaves above, cohomology, and the Snake Lemma, we get (after
some details for which we refer you to the attached paper) that

xL : [R/I]tfl — [R/I]t
has to be surjective, because for each ¢ either h°(E|A(t) = 0 or ' (E|A(t) = 0. O

Unfortunately, this method does not extend very much. Indeed, very little is known about
SLP for codimension 3 complete intersections, although Marangone [Mar3] has some results
for multiplication by forms of degree 2. Similarly, not so much is known about WLP in more
variables, as we will see now.

11.1.3. Four variables. In four variables even less is known. As before, we start with complete
intersections.

Theorem 11.9 ([BMMN2] Proposition 7.5). Let A = R/I where I = (F, Fy, F3, Fy) and
deg F; =d;. Setdy+dy+ds+dy=3N+7r,0<r <2. Let L be a general linear form. Then
the multiplication maps X L : [A];—1 — [A]s are injective for all t < .
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Now we specialize to the equigenerated case, i.e. we assume that dy = --- = dy = d for
some positive integer d. We'll start with the codimension 4 version of a result of Alzati and
Re (proved earlier by Ilardi in the special case of Jacobian ideals) — note that there is a more
general version of their theorem that we will mention in the next subsection.

Theorem 11.10 ([AR] Corollary 4). Let A = R/I = R/(F\, Fy, F3, Fy), where deg F; = d
for alli. Let L be a general linear form. Then XL : [A],_1 — [A]; is injective for all t < d.

Improving this we have a simple corollary of Theorem 11.9:

Corollary 11.11. Let A = R/I where I = (Fy, Fy, F3, Fy) and deg F; = d for some integer
d. Let L be a general linear form. Then the multiplication maps XL : [Al;_1 — [A]; are
injective for all t < L?’—?‘

And improving this even further we have another result from [BMMN2] that assumes right
from the beginning that the ideal is equigenerated, but as a result gives a stronger conclusion.

Theorem 11.12 ([BMMN2] Theorem 4.9). Let A = R/I = R/(Fi, Fy, F3, Fy), where
deg F; = d for all i. Let L be a general linear form. Then XL : [Al;—1 — [A]; is injec-
tive for all t < [252].

The proofs of Theorem 11.9 and Theorem 11.12 are completely different. The first uses an
analysis of rank three vector bundles, while the second studies the geometry of a certain
union of two smooth complete intersection curves in P3.

Remark 11.13. We recall (Proposition 11.1) that to prove WLP it is enough to prove
injectivity for t = 2d—2, so Theorem 11.12 covers roughly half the distance between Theorem
11.10 and the optimal result that is still open.

11.1.4. Fwe or more variables. Naturally even less is known in the case of five or more
variables. We remind the reader of Theorem 11.5 and its corollary for general complete
intersections of fixed generator degree.

One result that we do have is the full version of Theorem 11.10:

Theorem 11.14 ([AR] Corollary 4). Let A= R/I = R/(F\,...,F,), where deg F; = d for
alli. Let L be a general linear form. Then XL : [A]l,_1 — [A]; is injective for all t < d.

As with the case of four variables, this result was also shown by Ilardi in the special case
where [ is a Jacobian ideal. In particular, Alzati and Re proved:

Corollary 11.15. When n =5, a complete intersection of quadrics has the WLP.

11.2. The WLP for codimension 3 artinian Gorenstein algebras. As we have seen,
it is known that in codimension 2 all artinian algebras (not only Gorenstein) have the WLP
(even the SLP), while in codimension > 4 there exist artinian Gorenstein algebras failing
the WLP. However, note again that the full WLP for Gorenstein algebras with n = 3 is still
open. Thus this case merits its own subsection.

Remark 11.16. Let us repeat an observation made before. We defined SI sequences above
in arbitrary codimension, in Remark 10.1. We saw that SI sequences are exactly the possible
Hilbert functions of artinian Gorenstein algebras with WLP, in any codimension. On the
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other hand, without invoking WLP, it is known that in codimension 3 the SI sequences
are exactly the Hilbert functions of artinian Gorenstein algebras [St2], [Z]. These two facts
strongly suggest that all codimension 3 Gorenstein algebras will have WLP, but the question
is still open. Furthermore, we saw that the case of codimension 4 provides a cautionary note
because conjecturally all such Hilbert functions are SI-sequences, but we know that not all
such algebras have the WLP.

The paper [BMMNZ2] reduced the WLP problem to one involving compress artinian
Gorenstein algebras:

Theorem 11.17 ([BMMNZ2] Corollary 2.5). If all codimension 3 artinian compressed alge-
bras of odd socle degree have the WLP then all codimension 3 artinian Gorenstein algebras
have the WLP.

At first sight this seems to make the job much easier, since rather than study all codi-
mension 3 artinian Gorenstein algebras, it is enough to consider only the compressed ones.
However, in the same paper [BMMNZ2], a great deal of work (involving some very pretty
geometry!) went into proving just the case (1,3,6,6,3,1). (I've always been intrigued by this
problem, and maybe for this reason, when my car reached 136,631 miles in 2011, I stopped
the car to take a picture of the odometer:

0DO :3553 /

<a FUEL DOOR

Luckily I was not driving on the highway at the time, as you can see from the speedometer!)
More generally, [BMMNZ2] showed the following, which removes the assumption on the
characteristic.

Theorem 11.18 ([BMMNZ2] Theorem 3.8). Any artinian Gorenstein algebra R/I with
Hilbert function (1,3,6,6,3,1) has the WLP, unless the characteristic of k is 8 and the ideal
is I = (22y, 222,93, 23, 2 + y*2?%) after a change of variables.

Putting several things together (and avoiding details here) the same paper showed the
following:

Corollary 11.19 ([BMMNZ2] Corollary 3.12 and Corollary 3.13). Assume characteristic
zero. Then

1. All codimension 3 artinian Gorenstein algebras of socle degree at most 6 have the
WLP.
2. All codimension 3 artinian Gorenstein algebras of socle degree at most 5 have the

SLP.
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12. BEYOND THE WLDP IN UNEXPECTED DIRECTIONS

12.1. Vanishing conditions on a linear system. Let P be a point in P” and m a positive
integer. A point of multiplicity m supported at P, denoted by mP, is the geometrical object
defined by the ideal I,,p = (Ip)™. In particular for m = 1 the point P is said to be reduced.

More generally, given a set of distinct points X = {P,..., P;} C P" and positive integers
mai, ..., mg, the set of points supported at X with multiplicity mq, ..., m, is the union of
the points, denoted by Z = mi P, + - - - + m,Ps, that is defined by the ideal

Iy =(Ip)™ NN (Ip)™.

We say that m P, a point of multiplicity m, imposes r independent conditions on the forms
of degree t of an ideal I C C[P"] if

dime[I N (Ip)™]; = dime[L]; — 7.

More generally, we say that a subscheme Z C P™ imposes r independent conditions on the
forms of degree t of an ideal I C C[P"] if

dlmc[] N IZ]t = dlmc[[]t — T

We will primarily be interested in the case when Z is a finite set of points and when Z = mP
for a point of multiplicity m. When Z is a finite set of points and r = |Z|, we sometimes
simply say that Z imposes independent conditions on [I];. In Example 7.3 we used this idea
to compute the number of independent conditions imposed by a line C' C IP3 on the forms
of degree t.

Exercise 56. Prove that in order to show that a finite set of points Z imposes independent
conditions on [R];, it is enough to show that for each P € Z there is a form of degree ¢
vanishing on Z\{P} but not vanishing at P.

Exercise 57. Let P € P" be a point. Compute the number of independent conditions that
mP imposes on forms of degree t in C[zg, x1, ..., z,]. In particular show that this number is
at most (m+:_l). Hint: it is not restrictive to take P = [1,0,...,0].

The binomial coefficient ("J“’:fl), calculated in Exercise 57, represents the maximum num-
ber of independent conditions that a point P of multiplicity m can impose on any linear
system of forms of degree d. Sometimes, as the same example shows, this number of inde-
pendent conditions cannot be achieved just for numerical reasons. This happens when the
dimension of the linear system is not large enough.

The next two exercises show that different points might impose a different number of
conditions on a linear system.

Exercise 58. Let X be the following set of 8 points in P?
[—1,1,1] [0,1,1]
X = [1,0,1  [0,0,1]  [-1,0,1]
1,-1,1 [0,-1,1] [-1,—1,1]
(a) In the affine space given by x5 # 0, these points correspond to
{(—=1,1),(0,1),(1,0),(0,0), (—1,0), (1, —1),(0,—1), (=1, —1)}.
Sketch this set of points, noting the collinearities.
(b) Compute the Hilbert function of X.
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Exercise 59. Let X be the following set of 8 points in P?

[—1,1,1] [0,1,1]
X=< 1,01 [0,0,1] [-1,0,1]
[1,-1,1] [0,—1,1] [1,-1,1]

Compute the number of conditions imposed by P = [1,1, 1] on [/x]3. How many conditions
does the point P’ = [1,0,0] impose on [Ix]3?

Remark 12.1. From Exercise 59, in particular we have that both X and X U {P} impose
the same number (8) of independent conditions on forms of degree 3 in C[P?]. It is a special
case of the so called Cayley-Bacharach Theorem.

Theorem 12.2 (Cayley-Bacharach Theorem). Let C' and C' be two cubic curves in P? such
that X = C N C" is a set of nine distinct points. Let Y C X be a set of eight points. Then
any cubic curve vanishing at'Y also vanishes at X. That is, any cubic through eight of the
nine points must vanish also at the ninth point.

The core of the proof is to show that we always have Hy = (1,3,6,8,...). Indeed, in such
case we easily have [Ix]s = [Iy]s.

12.2. Unexpected curves and hypersurfaces. Exercise 59 underscores that, given a set
of points X, special points can fail to impose a condition on forms of a certain degree
vanishing at X. However, if [Ix]; # (0) then a general point always imposes a condition on
[Ix]¢- (The latter sentence means that the set of points that do not impose a condition on
[Ix]; is a proper closed set of P™. Of course any point of X lies in this closed set.)

Exercise 60. Let X be a set of points in P". Let ¢ be such that dim¢[/x]; > 0. Show that
there exists a point P € P such that P imposes a condition on [Ix];.

Thus, it is natural to ask how many conditions a general point P of multiplicity m imposes
on [Ix]; # (0). Recall that, from Exercise 57, the maximum number of conditions imposed
by mP on [Ix]; is (™*"71).

Given a set of points X C P™ and two positive integers d, m, the virtual dimension of the
linear system of the forms of degree d vanishing at X and at a general point of multiplicity
m is
n

-1
v-dim (X, d,m) = dim¢[Ix]|q — <m n )

Hence, the virtual dimension could be a negative integer for small values of d, and in these
cases it certainly does not represent the dimension of any linear system. To avoid this issue
we introduce the expected dimension of the linear system of the forms of degree d vanishing
at X and at a general point of multiplicity m; it is

e-dim (X, d, m) = max{0, v-dim (X, d, m)}.

Finally we have the actual dimension of the linear system of the forms of degree d vanishing
at X and at a general point of multiplicity m, that is

a—dim(X, d, m) = dlm(c[IX N Ig]d

The numbers e-dim (X, d,m) and a-dim (X, d, m) are equal when mP imposes the maxi-
mum number of possible conditions. In general, from the definition we have a-dim (X, d, m) >
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e-dim (X, d,m). However, the actual dimension is not necessarily equal to the expected di-
mension. Examples in P? are easier using non-reduced points.

Exercise 61. Let P, = [0,0,1], %, = [0,1,0], %5 = [1,0,0] € P2. Consider the set X =
2P, + P, + Py and let P be a general point. Compute e-dim (X, 4,4) and a-dim (X, 4, 4).

Remark 12.3. It is not possible to reproduce in P? the situation in Exercise 61 by using
sets of reduced points. Indeed, Any set of reduced points X in P? has a-dim (X, d,d) =
e-dim (X, d,d). This is a consequence of Bezout’s Theorem. Indeed, a curve of degree d
vanishing at X and at a general point P with multiplicity d must contain as a component
the union of the lines spanned by P and each of the points in X.

Then, if d < |X| —1 we have a-dim (X, d, d) = 0; otherwise

a-dim (X, d,d) = dim[[}]; — | X| =d + 1 — | X]|

e-dim (X) = dim([Tx]y — (d“) _ (d”) x| — (“1) —d41-|X].

and

2 2 2

Definition 12.4. Let X C P" be a (reduced) finite set of points. We say that X admits an
unexpected hypersurface (unexpected curve if n = 2) of degree d with a general point P of
multiplicity m if

a-dim (X, d, m) > e-dim (X, d,m).

The study of linear systems not having expected dimension is a classical topic in mathe-
matics. However, the problem of determining unexpected curves and hypersurfaces as in the
terms of Definition 12.4 was introduced in [CHMN] and [HMNT] and opened a new area of
research; see [HMN] for a recent survey on the state of the art.

It is clear that for any finite set X, if d < m then a-dim(X,d, m) = 0, hence X admits
no unexpected hypersurfaces with respect these parameters. An interesting instance of
Definition 12.4 is the case d = m. A reduced hypersurface of degree d with a point of
multiplicity d must be a cone with vertex at that point, so in this case we say that X admits
an unexpected cone of multiplicity d with vertex at a general point.

Remark 12.3 shows that no sets of reduced points admit unexpected cones on P?; however
examples exist in higher dimensional spaces.

Example 12.5. Let R = Clz,y, z, w] Consider the following set of 9 points in P3.

[1,0,0,0] [0,1,0,0] [1,1,0,0],
X = 1[0,0,1,0] [0,0,0,1] [0,0,1,1],
[1,0,1,0] [0,1,0,1] [1,1,1,1].

Such a set X is called a (3, 3)-grid; it is the intersection of 3 lines in one ruling of the smooth
quadric surface defined by the form zw — yz, with a set of 3 lines in the other ruling. These
lines are defined by £ = {(z,w), (z,y), (r — z,y —w)} and H = {(y, w), (z,2)(x —y,z —w)}.
The Hilbert function of X is
Hy = (1,4,9,9,..)).
Then, dim[/x]s = 20 —9 = 11 and a general point of multiplicity 3 imposes on [Ix]3 at most
(5) = 10 independent conditions. Hence

2
e-dim (X, 3,3) = 1.
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However, if P is a general point, the surfaces consisting of the union of the planes spanned
by the lines in £ and P, and the union of the planes spanned by the lines of M with P, give
two different cones of multiplicity 3 with vertex at the general point, hence

a~-dim (X, 3,3) > 2.
Thus, X admits an unexpected cone of degree 3.

12.3. Geproci sets. The set X in Example 12.5 is called a grid. We give below the general
definition.

Definition 12.6. For a, b non negative integers, a set of ab points X C P? is called an (a, b)-
grid if there are two sets £ = {{y,...,4,} and L' = {{},...,{;}, each containing pairwise
skew lines, such that X is the set of the intersection points of the curves UL and UL'. For
grids we usually adopt the convention that a < b.

Exercise 62. Show that if a < 2 and b > 4 then an (a, b)-grid necessarily lies on a smooth
quadric surface, but the defining grid lines do not. On the other hand, for a > 3 it does.
Hint: you can use the fact that a set of three skew lines in P? lies on a unique smooth quadric
surface.

The relation between grids and unexpected cones is studied in detail in [CM2]. In partic-
ular it is shown in [CM2, Theorem 3.5.] that any (a,b)-grid X with b > a > 2 and b > 3
has an unexpected cone of degree a. Furthermore, if a,b > 3 then X also has an unexpected
cone of degree b.

Remark 12.7. An interesting fact about grids is their particular behaviour under general
projections. If X is an (a,b)-grid then the ab points of X lie on two space curves, namely
vy=0U...U/l, and 7' = ¢ U ... U/ which have no common components. Considering a
general point P and a plane H = P2, we note that 7p(X), the projection of X from P to H,
is a complete intersection in H of type (a,b). Indeed, since P is general, mp() and 7p(7')
are two curves of degree a and b meeting transversally in 7p(X).

The above property is formalized in the next definition.

Definition 12.8. Let X be a finite set of points in P". We say that X is a geproci set if the
general projection of X to P"! is a complete intersection.

It is clear that when X is a degenerate complete intersection in P then X is trivially a
geproci set. A systematic study of geproci sets can be found in [POLITUS]. In particular,
no example of a non-degenerate geproci set is known in P” for n > 4. So, it makes sense to
restate and refine the definition of geproci sets for the 3-dimensional case.

Definition 12.9. Let X be a finite set of points in P3. We say that X is an (a, b)-geproci
set if the general projection of X to P? is a complete intersection of two curves of degree a
and b. Again, we use the convention a < b.

Remark 12.10. Remark 12.7 says that if X is a grid then it is the intersection in P? of
a curve of degree a and a curve of degree b, which immediately explains why it is geproci.
Another interesting fact [CM] is that this is the only possible example of a curve of degree
a and a curve of degree b in P* meeting in ab points and having non-degenerate union (as
long as 2 < a < b). So non-grid geproci sets are much more subtle to study: the general
projection 7(X) is the intersection of a curve of degree a and a curve of degree b, but X
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itself is not. This is sharpened in [POLITUS2|, where it is shown that if X is (a, b)-geproci
and lies on a curve of degree a or a curve of degree b then it must actually be a grid.

Remark 12.11. The semicontinuity theorem ensures that if X is an (a, b)-geproci set, then
the projection from every point (not necessarily general) in P of X is contained in a curve
of degree a.

Any (a,b)-grid is an (a,b)-geproci set. It was shown in [CM, Theorem 5.12.] that the
only non degenerate (3, 3)-geproci sets are (3, 3)-grids. (The same is true for nondegenerate
(2, b)-geproci sets.)

Exercise 63. Let X be a set of six points in linear general position (no three points on a line
and no four on a plane). Prove that X is not a (2,3)-geproci set. Hint: Use Semicontinuity
theorem and project from a special point.

Exercise 64. Let X be a non degenerate (2,b)-geproci set, b > 3. Show that X is a
(2,b)-grid. Hint: Use Exercise 63.

The first non degenerate and non-grid example is a (3,4)-geproci set that is the projec-
tivization of the root system D, (see [HMNT]); we illustrate it in the next example.

Example 12.12. Let

[ ) 7 70] [ 70717 } [0717_170]

X, - [’ ) O] [ 0’1’ } [07170’_1]
Da+11,0, — 10] [1,0,0,—1] [0,0,1,—1]
[1,—-1,0,0] [1,0,0,1] [0,1,0,1]

Denote by FP;; the elements in the first three rows in the above array and by @1, Q2, Q3 the
points in the last row. Let m be a general projection to a hyperplane. In order to show that
Xp, is a (3,4)-geproci set we need to prove that 7(Xp,) is complete intersection of a cubic
curve and a quartic curve. However, note that the points in each row in the above table are
collinear and so are their general projections. Thus a quartic curve containing all the points
of the configuration is the union of the projection of these lines.

We note that the following sets

Py Pip Pis Q1 P51 P Py P Pis
Gi=q Pa1 Po P Gy=1q P Po P Gz=q P P Q3
Py Py Py Py Q2 Pss Py Q2 P

are grids (indeed, observe that Xp, is closed under the involution maps ¢([z,y, z,w]) =
[—z,y, z,w| and Y([z,y, z,w]) = [z,y, 2, —w] and we have Gy = ¢(G1), G3 = ¥(G)).

Hence 7(G1), m(G2), 7(G3) define pencils of cubic curves in P2. Moreover, by the Cayley-
Bacharach Theorem, any eight points of G; are enough to define the same pencil of cubics
as all of Gy does.

We claim that 7(G1) U {m(Q1)}, 7(Ge) U {m(P11)}, m(G3) U {m(FPa3)} determine the same
cubic curve, which vanishes in all the twelve points of w(Xp,). The set 7(Gy) U {7(Q1)}
determine a unique cubic curve since any point not in 7(G7) imposes one condition on this
pencil. Now consider G. Its projection also defines a pencil, and it contains 7 points of G,
together with @ and Q2. Thus the cubic passing through 7(Gs) Un(P;;) must be the same
cubic passing through 7(G1) Um(Q1) (and then also ()3). In other words,

m(Gr\ {Pso}) U{m(Q1)} = m(G2 \ {Q2}) U{m(Pr1)}
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and by Cayley-Bacharach P33 and Q)2 also are in the same such cubic. (Repeating the same
argument with G3 we see that this cubic also contains @3.)

As an application of Bezout’s Theorem, note that such a cubic curve has no linear compo-
nents, and that it has no components in common with the quartic curve mentioned above.
This is because if the cubic contains a line L, then L contains at most three points of 7(Xp,)
so there would be at least 9 points on a conic. But there are too many sets of three collinear
points.

In [POLITUS, Theorem 4.10], the authors show that Xp, is, up to projectivities, the only
non-trivial non-grid (3, b)-geproci set. However, for any values of 4 < a < b there is a non-
degenerate and non-grid (a, b)-geproci set — see [POLITUS, Theorem 4.2]. Many questions
about geproci sets are still open; see Chapter 8 of the mentioned paper for a list of open
questions.

12.4. Weddle locus. As seen in Exercise 63, given a finite set Z C P? and a degree d, it is
often true that there is not even one degree d cone which contains Z when the vertex is a
general point. In such cases there still can be a nonempty locus of points occurring as the
vertex of a degree d cone containing Z. Studying such vertex loci is of interest in its own
right, but will also be related to the Lefschetz properties.

Example 12.13. Let us begin by illustrating an issue that we will have to deal with when
we make our definitions.

Let Z; be a set of 6 points in P in linear general position, and let Z, be a set of 6 points
consisting of 3 points on one line, A\;, and 3 points on a different line, A9, disjoint from the
first one. Both Z; and Z, have h-vector (1,3,2) and thus impose independent conditions on
quadrics. Both also lie on a 4-dimensional (vector space dimension) family of quadrics.

We will see shortly that a general projection of Z; is a set of 6 points in P? not lying on
a conic, while clearly a general projection of Z; does lie on a conic (namely a union of two
lines).

In this section we will be interested in keeping track of special projections. We will see
that there is a quartic surface in P?, the Weddle surface, consisting of the locus of points
from which the projection takes Z; to 6 points on a conic. But what are we to make of 757
There are two points of view.

First, we could say that since the general projection lies on a unique conic, the thing to
look for is the locus of points from which the projection lies on a pencil of conics. This would
be A\ U Xy, since three points get collapsed to one. But a different point of view is that since
we expect 6 points in the plane to lie on no conic, all projections are special. This latter
point of view meshes better with the Lefschetz connection that we will come to soon so it
is what we will use for our definition below, but note that for instance [POLITUS] took the
former point of view. (For Z; there is no such distinction.)

Let Z = {P,...,P.} C P" be a set of distinct points. Let H = P""! be a general
hyperplane. Let P be a point not in Z and let 7p : P"\{P} — H be the projection from
P. Let d be a positive integer. The homogeneous component [/ N I$]; in degree d is the
C-vector space span of all forms of degree d that vanish on Z and vanish to order d (or more)
at P. You should convince yourself that

dim[I, N 1], = dim[/z,(z)]a
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(where the first ideal is in C[zy, ..., x,] and the second is in C[Xy,...,z,_1]) and that the
elements of [I; N I%], are cones with vertex at P.

Let
d+n—1
(Z,d) —max{( o 1 ) —|Z|,0}.

Note that 0(Z, d) is the minimum possible value of dim[/; (4)]q. Achieving it means that the
r points of m,(Z) impose independent conditions on forms of degree d in H for as long as
numerically possible. In our setting, almost always this minimum will be the first of the two
possibilities.

Definition 12.14. The d-Weddle locus of Z is the closure of the set of points P € P\ Z
(if any) for which dimy[/; N I(P)%]4 does not achieve its minimum:

dim[l7 N I$]q = dim[Lr,(z)]a > 0(Z, d).
Thus

Wd(Z> = {P e Ppr | dim[LrP(Z)]d > 5(Z, d)}

Example 12.15. Let us return to the situation of Example 12.13. If Z; C P? is a set of
6 points in linear general position (see Exercise 63) then the general projection of Z; does
not lie on a conic. Note that 6(Z;,2) =6 — 6 = 0. So, the 2-Weddle locus, which is known
as Weddle surface, is the closure of the locus of points P € Z; in P? that are the vertices
of quadric cones in P? containing Z;. Equivalently, the Weddle surface is the closure of the
locus of points P ¢ Z; from which Z; projects to a set mp(Z;) C P? contained in a conic.
We will justify shortly the use of the word “surface” here, and see that W5(Z;) is a surface
of degree 4.
What happens with Z,? We still have §(Z5,2) = 0, but now for any P € P* we have

dim([Iz, N I})s = dim[Iy,(z,)]2 > 0
so the Weddle locus Wy(Z,) = P3.

As we indicated above, it is classically known that the Weddle surface has degree 4. There
are several ways to construct the equations of the d-Weddle locus of a set of reduced points
Z; in these notes we describe an approach based on Macaulay duality. This will give us the
fact that for six points in linear general position the 2-Weddle locus is a surface of degree 4,
and it will also finally give us our connection with the Lefschetz properties, and specifically
with a certain non-Lefschetz locus (see section 9 for the definition).

12.5. Macaulay duality. Consider the polynomial rings
R = Clxy,...,z,) = C[P"| and R* = C[0y,,- .., 0.,] = C[(P")"],

where formally we think of the differential operators 0,, as independent indeterminates.
Macaulay duality comes from regarding R* as acting on R. Given a point P = [pg : ... :
pn] € P, the dual of P, denoted by P* is the hyperplane in (P™)* defined by the linear form
Lp = > p;0;, € [R*];. The form Lp is the annihilator of [Ip];, i.e., as vector spaces [Ip]; is
isomorphic to [R*/(Lp)]1.
(For example, when n = 3 let P = [0,0,0,1], Ip = (z9,x1,22), Lp = O,,. We have that
[Ip]; is annihilated by Lp and dim[C[0,,, Ox, ; Oy, Oz, ]/Lp|1 = dim[Ip];.)
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More generally for integers 0 < k < ¢, the annihilator of [I%]; under this action is
[(Lp'™"™)];, hence we have the following isomorphism of vector spaces

[Tp)e = [R* /(L™ )],
which can be applied to [Iz N 144, Z = {Py,..., P} to get
Iz O Igla=[Ip, 0N Ip, NIla = [R*/(LG,, ..., L, Lp)la:

Considering the following exact sequence

) 2 b [
(L LG (L Le) ], (L, L L)),

where X Lp denotes the map given by multiplication by Lp. We get

(12.1)

coker(x Lp) = [I; N I]q.

But we saw above that
[z N Ila = [Inp2)la-

So looking for the set of points P for which the projection lies on unexpectedly many hy-
persurfaces (in H) of degree d is equivalent to looking for the set of points P for which x Lp
has unexpectedly small rank! We conclude:

The d-Weddle locus for a set of points Z C P™ is equal to the non-Lefschetz
locus for the algebra R*/(L%, ..., L% ) from degree d — 1 to degree d. Note
that this locus may be all of P™.

We will return to this connection shortly.

Now we want to give a scheme structure to the d-Weddle locus. Denote by A4(Z) the
matrix associated to X Lp (after a choice of basis). Then the d-Weddle locus of Z is the
closure of the locus of points P such that rank (A4(Z)) is lower than expected. So, the ideal
of the maximal minors of A;(Z) gives an ideal which defines the d-Weddle locus of Z, with
eventually either some embedded components or non reduced components.

Definition 12.16. The d-Weddle scheme of Z is the scheme defined by saturation of the
ideal of the maximal nonzero minors of A4(Z).

Example 12.17. We again return to the situation of Example 12.13. Consider Z;. Notice
that n =3, d =2 and

R* R*
(L3, 1%) (3, 1%)

(For the last calculation, linear general position forces the h-vector of Z; to be (1, 3,2) so the
six points impose independent conditions on forms of degree 2 in P2.) Then the Macaulay
duality matrix defining the 2-Weddle locus is a 4 x 4 matrix A, of linear forms. Since the
general projection does not lie on a conic, we see that the determinant of As is not zero so
it defines a quartic surface as claimed.

For Z, the dimensions obtained in (12.2) are the same as for Z;. However, now the
cokernel is at least 1-dimensional for all P, so the determinant of A, must be zero. Hence

the 2-Weddle locus is all of P3.

(12.2) mm[ } =4 and &m{ }_J0—6_4
1 2
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Let us examine this using coordinates. Now Z, consists again of six points but in a
(2, 3)-grid:

1:0:0:0,{0:1:0:0],(1:1:0:0],
Z:{ {0:0:1:0},%0:0:0:1},%0:0:1:1} }

The Macaulay duality matrix defining the 2-Weddle locus of Z is
0
[5(Z) =

ISEES e Nen)

O O w
ow O8

T
0
Y

which has determinant equal to zero (this is consistent with the fact that Z is geproci and
its general projection lies on a conic, so the 2-Weddle locus is all of P3).

Let us examine this further, recalling the other perspective mentioned in Example 12.13.
The ideal of submaximal minors of Ay(Zs) is

2 2 .2 2 2, .2 2 2
I = (zzw, zw*, yzw, yw?, x2°, x2w, Yy2°, y2w, TYZ, LYW, Y~ 2, Y-w, T2, T7W, TYZ, TYW)
whose primary decomposition is
2 2 2 2
<y7 x) ﬂ (w’ Z) m (w 7Z 7y Jx Jyzw7'rzw?xyw7'ryz)'

The ideal I is not saturated. The saturation of such ideal defines the two lines containing 7.
So the projection of Z is contained in a pencil of conics only if we project from the points
of these two lines, as predicted.

Example 12.18. Let Z3 = Y U{Q} C P3 be a set of six points such that ¥ consists of five
general points in a plane H, and @ is a general point in P3.

Let Q be the quadric cone with vertex @) over the conic C' in H defined by the five points.
Notice that a general projection of Z3 does not lie on a conic, since that conic would have
to be the projection of C' but there is no reason for ) to be mapped to this conic. So the
2-Weddle scheme is not all of P3.

On the other hand, one checks that the dimensions from (12.2) continue to hold here (in
fact the h-vector of Z3 is (1, 3,2) again). So A, continues to be a 4 x 4 matrix of linear forms
with nonzero determinant.

From the geometry of the situation we note that the 2-Weddle scheme is a proper sub-
scheme of P? supported on H and Q. Indeed, it has only two components, the quadric Q
and the plane H. In fact, the projection from any point not on either Q or H sends Z to
six points not on a conic.

Putting all this together, the 2-Weddle scheme is a quartic surface determined by the
determinant of a 4 X 4 matrix of linear forms, but this quartic is not reduced and it must
have a double structure on H.

12.6. Connection to WLP. We conclude these notes by returning to the connection be-
tween Weddle loci and the non-Lefschetz locus in slightly more detail, and also about the
Weak Lefschetz Property itself.

Let A = R*/I be an artinian graded algebra with the WLP. Recall from Section 9 that
the non-Lefschetz locus of A is

£4={P €P" | Lp is not a Lefschetz element} C P".
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The set £4 has a natural stratification given by the sets
Laa={PeP"| xLp:[Als-1 — [A]s does not have maximal rank}.

By Macaulay duality, given a set of reduced points Z = {Py,...,P.} C P" such that
A=R/(L},,...,L%) is a Weak Lefschetz Algebra, we have noted that the dimension of
the last vector space in the exact sequence (12.1) is equal to dim[Ip, N -+ N Ip, N I4]4, so

this is larger than expected if and only if the rank of A4(Z) is smaller than expected. Then
L£4,4 1s precisely the d-Weddle locus of Z.

d d
(LP1 7-"7LP,,,

For the quotient algebra R*/(L$,, ..., L% ), notice that [R—)} = [R*], ;. From
d—1
the exact sequence (12.1), we also see that in correspondence to a set of reduced points
Z ={P,..., P}, the failure of the Weak Lefschetz Property from degree d — 1 to degree d
is equivalent to having a-dim (Z,d, d) > e-dim(Z, d, d), i.e. to the existence of an unexpected
cone of degree d for Z.

Therefore, from [CM, Theorem 3.5] (which ensures that (a, b)-grids have unexpected cones
in degree a, and also in degree b provided a,b > 3) we have the following result.

Proposition 12.19. Let Z be an (a,b)-grid withb > a > 2 and b > 3, and let Ly, . .., Ly be
the dual linear forms. Then R/(LS,...,L%,) fails the Weak Lefschetz Property from degree
a — 1 to degree a, and if b > a > 3 then R/(LY, ..., LY%) fails the Weak Lefschetz Property
from degree b — 1 to degree b.

Furthermore, from [POLITUS, Chapter 7|, (a,b)-geproci sets of points admit unexpected
cones of degree a and almost always also of degree b. Thus any such result about geproci
sets of points gives an example of failure of the Weak Lefschetz Property.
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13. SOLUTIONS TO EXERCISES

Exercise 1.

We want to count monomials. Imagine a set of d + n — 1 objects, places side by side.
Among these, choose n — 1 of them, so there remain d unchosen objects. These remaining
d unchosen objects will represent variables. To the left of the first marker, the number of
objects represents the power of z; in the monomial. Between the first and the second, the
number of objects represents the power of x5. And so on. Each monomial corresponds to a
unique choice of markers, and each choice of markers corresponds to a unique monomial.

For example, suppose n = 4 and d = 5. We want to choose 3 markers from a set of 8
objects. Below, we have 8 objects, of which the bullets o represent the choice of 3 and the
X represent unchosen objects.

X o o X X X X e

To the left of the first marker is one object X, so the monomial contains z{. Between the
first and the second are no X, so there is no power of x,. then we have four x, so we have
r3. Finally, there is no power of z4. So this choice corresponds to z;z3. O

Exercise 2.

(a) It’s clear that ++y € (z,y) and z —y € (z,y) so we have (v +y,x —y) C (x,y). For
the reverse inclusion, we have z = L[(z +y) + (z —y)] and y = L[(z + y) — (z — y)].
(b) For the first equality, one inclusion is clear, namely O. So we want to show that

v,y € (v +ay,y +ay, 2%, y%).
In fact,
v =(1—-y)(z+ay) + ()"
and
y=(1-2)(y+ay) + (y)(?).
For the other equality, we’ll instead show that
(x,y) = (& +ay,y +zy,27).
Again D is clear, so we’ll show that both x and y are in the ideal on the right. First,
v = (x+ay) — a(y + zy) +y(a?).
So we can (and will) freely use the fact that « is in this ideal. Then
y=(y+ay) —y(z).
(c) First we show that
(z,y) # (x + 2y, y + zy).
It’s enough to show that = ¢ (z + xy,y + xy). Notice that
v—y=(z+ay) - (y+ay)
so it’s enough to show that
(r —y,x+zy) # (z,9).
Note that x + zy = (1 + y). Suppose
A(x —y) + Bx(1 +y) = .
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Set y = x. Then we have
B(z,z)z(1+2z) ==x.

This is impossible by degree considerations.
Now let’s show that
(x+xy,2°) # (z,y).
Suppose
Az(1+y) + Br?* = z.
Then
A(l+y)+ Bz =1.
Now set z = 0. We get A(0,y)(1 + y) = 1, which again is impossible for degree

reasons.
Finally, let’s show that

(y + 2y, 2%) # (z,y).
Suppose we have A(y + zy) + Bx? = z. Set y = 0. We get
B(z,0)2? = z,

which is impossible. U

Exercise 3.

We prove both inclusions. Let P € VN W. Since P € V, f;(P) =0 for all 1 <i < s.
Since P € W, ¢g;(P) =0forall 1 <j <t Thus Pe V(fi,...,fs,q1,---,9t)-

Now assume P € V(f1,..., fs,01,---,9¢). In particular, P € V(fi,...,fs) = V and
PeV(g,....,q)=W,s0 PeVNW. O

Exercise 4.

We first prove that a single point in A" is an affine variety. Indeed, if P = (aq, as, ..., a,) €
A™ then

P=V(x; —ay,x9 —ag,...,T, —a,).
Now let V = {P, P,,..., P,}. By what we have just seen, each P; is, by itself, an affine
variety. So we proceed by induction on the number of points, having just proven the case of
one point. Assume that the statement is true for m — 1 points, i.e. any subset of all but one
point of V. So for example, let
X:{Pl,...,mel}

and note that V = X U P,,. By induction, X is an affine variety. As noted, P,, is also an
affine variety. So by Lemma 2 of [CLO], V' = X U P, is also an affine variety. O

Exercise 5.
(a) In particular we have f(n,0) = 0 for all n € Z. But g(z) = f(z,0) is a polynomial,
and the first sentence means that g(z) has infinitely many zeros. So g(z) is the zero
polynomial.

This means that plugging in y = 0 into f(z,y) gives the zero polynomial, so f(z,y)
contains no terms that are pure powers of z. In a similar way we can show that f(x,y)
contains no terms that are pure powers of y.
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Now consider f(z,1). Since each term of f(z,y) contains both powers of z and of
y, f(x,1) converts each term of f(x,y) into a term involving only x. Now the fact
that f(x,1) has infinitely many zeros means that it, too, is the zero polynomial, so
all its terms are zero. This means that all terms of f(x,y) are zero, so f is the zero
polynomial.

(b) From (a), if f € I(Z) then f is the zero polynomial. If Z were an affine variety then
we would have Z = V(f1,..., fs) for some polynomials fi, ..., fs that (by definition)
vanish on Z. But any polynomial vanishing on Z is the zero polynomial, so the
smallest variety containing Z is R%. In particular, Z is not an affine variety. 0

Exercise 6.
Consider the following statement:

If f(x,y) is a polynomial that vanishes at each point of X (%)
then f vanishes on the whole curve x* —y+1 = 0.

We claim that proving (x) will guarantee that X is not an affine variety.

Indeed, let C' be the curve V(z? —y+ 1) C R2. Notice that C' contains points that are not
on X, for example the point (7, 72+ 1). Suppose it were true that X were an affine variety,
so X =V(fi,..., fs) for some polynomials fi,..., fs € Rlz,y]. That means that

the common vanishing locus of fi, ..., fs is precisely X. (%)

If every polynomial f that vanishes at all points of X also vanishes on all of (', then this is
true of fi,..., fs, so (%) can’t be true — the common vanishing locus contains a lot of other
points, such as (7,7 + 1). So this contradiction shows that X is not an affine variety.

So we just have to prove (x). Again by contradiction. Suppose f € R|z,y| vanishes at
every point of X (i.e. X C V(f)).

Consider the intersection of V(f) and V(2® —y + 1). By Lemma 2, this intersection is an

affine variety:
V(AHNV(@?—y+1)=V(f,2° —y+1).
Notice that X C V(f)NV(z® —y+ 1). This intersection is the set of points (a,b) € R? such
that
fla,b) =0 and a®*—b+1=0.

The second of these equations says that for a point in this intersection, b = a® + 1. The first
of the equations then says that any of these intersection points satisfies

f(a,a® +1)=0.

The fact that X C V(f)NV(z® —y+ 1) means that the above equation is satisfied whenever
a € 2.

But f(t,t3 4 1) is a polynomial in one variable, . The fact that it vanishes whenever ¢
is an integer says that it has infinitely many roots or else is the zero polynomial. But a
non-zero polynomial in one variable has finitely many roots. Thus f(¢,¢* + 1) is the zero
polynomial. This means that f vanishes at any point (z,y) such that y = 2® + 1, i.e. it
vanishes on the whole curve V(a3 — y + 1). O
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Exercise 7.

Assume that V' is a subvariety of k!. Then V is the vanishing locus of a set of polynomials
in k[x]. Now, one single polynomial f € k[z] has at most finitely many roots, so even V(f) is
a finite set of points. Adding additional polynomials can only make the common vanishing
locus smaller, so we are done.

Conversely, assume that V' is a finite set of ¢ points. Since V' C k!, each point of V can
be viewed as an element a; € k, 1 <i < /¢, s0 V ={ay,...,as}. Thus

V=V((z—-a)(r—a) - (r—a))

is a subvariety of k!. 0

Exercise 8.
(a) Since Fy = {0, 1}, notice that if either a or b is 0 we are done. The only other case
is a = b =1, and this reduces to 1 — 1 = 0.

(b) One solution is #?...22 — z;...z,. As before, if any a; = 0 we are done, and the
only other possibility is a; = 1 for all 4, in which case we have 1 — 1 = 0.

, b L
- )

(c) Fermat’s theorem says that a a for all a € F,, so as before one solution is

oy ooal —xy .y, O

Exercise 9.

(a) Let P € S. Let f € I(S). By definition, f(P) = 0. This is true for every f € I(S).
Hence by definition, P € V(I(5)).

(b) Let S; be the indicated set. We want to compute I(S7). Let f € I(Sy). So f(0,m) =0
for all m € Z. Note that f has some degree, say d. Write f in the form

d—1

f(z,y) = ao + [ar,07 + ao1y] + [a202° + a1,y + ag2y®] + -+ + [ad,oxd +ag_11x" Y+ + ao,dyd]

(the subscripts just tell you what monomial they correspond to). We are interested
in plugging in the points (0,m) for all m. Let’s do it in two steps, first plugging in
x = 0. We get that

F(0,9) = ao + a0y + ao2y® + -+ + aoqy”
is a polynomial in one variable that has infinitely many roots. Since R is an infinite
field, this must be the zero polynomial, i.e.
Cl():ao’l:"':ao’dzo.

But with these coefficients being 0, it means that f is divisible by z. Thus I(S;) C (z).
On the other hand, clearly any element of (x) vanishes at every point of S, so we
have the reverse inclusion, and

I(Sy) = (x).
But then
V(I(S1)) = V({z)) = {(a,0) € R* | a = 0},
that is, V(I(S1)) is the y-axis, which properly contains Sj.
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(c) We showed in (a) that S C V(I(S)), so we just have to prove the reverse inclusion.
Since S is a variety, we are assuming that there are polynomials fi,..., fs such that
S = V(fi,...,fs). But then we also have S = V((f1,..., fs)). By definition, each
fi vanishes at every point of S, so (fi,...,fs) € I(S). By the inclusion-reversing
property, we conclude

S =V(fireo o f0) = V({frr- . 2)) 2 V(I(S)).

which is what we wanted to prove. 0

Exercise 10.

Let f € klzy,...,z,] be a polynomial such that f™ € I(V). This means that f™(P) =
f(P)™ =0 for all P € V. But f(P) is an element of the field k, and if a power of a field
element is zero then that element is itself zero (because a field is, in particular, an integral
domain). Thus f(P) =0 for all P €V, so f € I(V). O

Exercise 11.

(a) We use the fact that both I and J are ideals. Since 0 € I and 0 € J, we have
0OelIndJ. If f,g e INJ then f and g are both in [ and bothin J,so f+ge€ INJ.
If felInJand he Rthen hf € I and hf € JsohfelInJ.

(b) OGIaHdOEJSOOZOOGIJ Assumefzzglfigi forsomefiEI,giGJand
9= 221 flg. for some f/ € I,g; € J. Then

f+9=> fgi+> figiell
=1 =1

Finally, if f =", fig; for some f; € I,g; € J and h € R then
hf=h-Y_ figi=Y (hf)gi€1J
i=1 i=1
since hf; € I (because [ is an ideal).

(c) It’s enough to prove that each generator of I.J isin I NJ (why?). If I = (f1,..., fs)
and J = (g1,...,¢:) then the generators of IJ have the form f;g; for 1 <i < s and
1 < j <t. But then f;g; € I (since f; € I) and also fig; € J (since g; € J) so
figie INJ.

(d) For example take I = (x) and J = (x). Then I N J is clearly equal to (z), while
IJ = (x?). We have already seen that these two ideals are not equal.

(e) Let’s prove the two inclusions.

C:

Let P € V(I.J). We want to show that P € V(I)UV(J). If P € V(I) then we're
done, so assume P ¢ V([); we want to show that then P € V(.J). Since P ¢ V(I),
there is some f € [ such that f(P) # 0. But fg € I.J for all g € J; hence (fg)(P) =0
for all g € J. Thus P € V(J) as desired.
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2!
Let P € V(I)UV(J). So either P € V(I) or P € V(J) (or both). Assume without
loss of generality that P € V(I). Then f(P)=0for all f € I. Let g € I.J, so

QZZfigi|fi€[andgiEJ.
i=1
Then we get g(P) = ZZL fi(P)g:(P) = 0. Hence g(P) = 0 for all ¢ € I.J, and so
PeV(J).

(f) Again we prove the two inclusions.
C:
Let P € V(INJ), so h(P) =0 for all h € I N J. Suppose that P ¢ V(I). We
want to show P € V(J), i.e. we want to show that g(P) = 0 for all g € J. Since
P ¢ V(I), there is some f € I such that f(P) # 0. Then for any g € J, we know
that fg € INJ so (fg)(P) = 0. Sincef(P) # 0, this forces g(P) = 0 for all g € J,
so P € V(J) as desired.

o:
Let P € V(I)UV(J), so either P € V(I) or P € V(J) or both. Let f € InJ.
Since f is in both I and J, we must have f(P) =0. So P € V(I NJ). O

Exercise 12.
C:
Let P = (ay,...,a,) € o~ 1(X), so ¢(P) € X. This means
(Fi(ar, ... an), ... Fplag, ... a,)) € X.

But X = V(Gy,...,Gy), so for any i with 1 <17 < k we have
Gi(Fi(ay,...,ay),...,Fu(ay,...,a,)) =0.

That is, the polynomial G;(F7,..., F,,) vanishes at P for 1 <i <k, so
PeV(Gi(Fy,....,Fy),....,G(F1,...,Fy))

as desired.

o
Let
P=(ay,...,a,) € V(Gi(F1,...,Fp),...,G(F1, ..., F,)).
This means (Fy(P),...,Fn(P)) € V(Gy,...,G) = X € C™. But (Fy(P),..., Fn(P))
#(P), so ¢(P) € X, ie. P e ¢71(X) as desired.

Ol

Exercise 13.
First we find a function ¢ : k[zy, ...z, 1][x,] = k[z1, .. 2] I f € Klxq, ..., 2 1][zn],
notice that

f=g0(x1, . Tn1) +g1(x1, . Ty 1) T 4+ galTr, . Tp) Tl

for some non-negative integer d. So f can be viewed naturally as an element of k[zy, ..., z,]
just by multiplying out all the terms. Define ¢(f) = f in this way.

Now note that ¢ is a ring homomorphism. Indeed, ¢(f + g) = o(f) + ¢(g9) = f + g and
o(fg) = o(f)d(g) = fg are both immediate from the definition.
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Next notice that ¢ is injective: again from the definition, f € ker ¢ if and only if ¢(f) = 0
if and only if f = 0.

Finally notice that ¢ is surjective: by separating out the x,,’s, any polynomial in k[z1, ..., z,]
can be expressed as a polynomial in k[z1, ..., 2, 1][z.]. O

Exercise 14.
Consider the chain of ideals

(f1) € (fi, f2) S {frs for f3) C -
Since klw, z,y, z] is Noetherian, this chain stabilizes. That is, there is some N so that
<f17"'7fN> = <f17"'7fN7fN+17"'7fj>

for any j > N 4 1. So in particular, each f; can be written as a linear combination of
fi,-, fn- O

Exercise 15.

(a) We claim that f = f2+ ---+ f2 does the trick. First show V C V(f). If P € V
then f;(P) =0forall 1 <i<s,s0 f2(P)=0forall 1 <i < s and hence the sum
f(P) =0 as well.

Conversely, we’ll show that V D V(f). Let P € V(f), so
F(P)y=(fi+ -+ [O)(P) = fi(P)+ -+ [2(P) =0.

But we are working over the real numbers, so each term of fZ(P) + --- + f3(P) is

non-negative. Thus it can only equal zero if fi(P)=---= fs(P) =0, i.e if P V.
(b) Let f = fZ2+---+ f2, which is certainly in I = (f},..., fs). From part a) we know
that

0=V(I)=V({(fi,.-, [)) =V(f),

so f has no zeros in R". O

Exercise 16.

Let J =1(V)+I(W). We first claim that V(J) = 0. If P € V(J) then in particular every
element of I(V') vanishes at P and every element of I(W) vanishes at P. Thus P € V and
PeW,ie P eV NnW. This is impossible since VNW = (.

But now C is algebraically closed, so the Weak Nullstellensatz holds. This means
J =1(V) +I(W) = (1),
so the desired result holds. O

Exercise 17.
Since k[z1, ..., x,] is Noetherian, VT is finitely generated. Say

\/j: <f1a-~-7fs>'

In particular, each f; is in v/I. Define my,...,m, so that fi" e I for each i. Let p =
my + -+ ms.
Let f € VI, so we can write f = g1 fi + - - + gsfs, where g; € k[z1,...,2,]. Then

fP=(gufr+ -+ gsfs)".
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Each term in the expansion of f? is of the form

BRI
where B is some (ugly) polynomial and iy +is+ -+ +1is = p = mq +---+mg. Asin class, we
claim that for at least one subscript £ we have i, > my. This is a sort of pigeon-hole principle
— if iy, is always less than my, it is impossible for iy +iy + -+ +is =p =my + - +m,. But
if 4, > my, then f* € I. So every such term in the expansion of f? isin I, hence f? € I. O

Exercise 18.
(a) We have seen that
VI)NV(J) =V +J).
Hence under our conditions, V(I) N V(J) =0, i.e. V(I) and V(J) are disjoint.

(b) It is always true that I.J C I'NJ so we only have to prove the reverse inclusion. From
our assumption we have that for some f € Tandge J, 1= f+g. Let he INJ.
We want to show that h € I.J. Multiplying both sides of the equation 1 = f + g by
h gives h = fh + gh. The fact that f € I and h € J means that fh € I.J. The fact
that h € I and g € J means that gh € IJ. Thus h € 1J.

(c) It is enough to take I = J = (x). O

Exercise 19.

(a) No! Suppose f™ € [(X), so f™ vanishes at every point of X. Then clearly f vanishes
at every point of X. Hence f € I(X), so J = [(X) is radical.

(b) Yes! I(X) being prime means that X is irreducible, so let’s take the simplest non-
irreducible example: two points. Let X = {(0,0),(1,0)} C R? and take J = I(X).
I'm happy with this as your final answer. But if you also tell me that J = (y, z(x—1)),
that’s good too. Notice that « - (x — 1) € J but neither  nor x — 1 is in J, so J is
not prime.

(c¢) Yes! Let R = k[z,y] and let J = (z). J is prime, but it is not maximal since
J C (x,y), which is also prime.

(d) Yes! Take J = (x?) C R[z,y]. Then V(J) is the y-axis in R? which is irreducible.
Then I(V(J)) = (), which is prime. But J itself is not prime, since z - x € J but
x & J.

(e) Yes! Take J = (z%) C R[z,y]. Then V(J) is the y-axis in R%. The polynomial f = x
has the desired property.

(f) No! This is the main point of the Strong Nullstellensatz. If f € I(V(J)) then f™ € J
for some m > 1. O

Exercise 20.

By the Hilbert Basis Theorem, I has a finite generating set: I = (fi,..., f.). Since
I c V/J, each f; € v/J. Thus for each i there is a positive integer m; such that fire J.
Now we look at different powers of I,

[m:<f17"'af7”>'<f17"'7f7‘>""'<f17"'7f7“>-

J/

m times
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This is generated by the polynomials obtained by taking m of the f; (possibly repeating)
and multiplying them. We want to show that if we choose m big enough, then every such
generator is in J.

If you were to take m = (mq—1)+(mg—1)+-- -+ (m, —1) = (> m;) —r, then it wouldn’t
quite work because you’d get

m1—1 mo—1 my—1
1 - f5 .....frr

as one of the generators, which is not necessarily in J. However, let m be anything bigger
than this, e.g. m = (>_m;) —r + 1. Then every generator of I is of the form

N

1 2 r
with > a; = m, and this forces at least one of the a; to be bigger than or equal to the
corresponding m;; thus every generator of I™ is in J. Hence I™ C J. O

Exercise 21.

(a) Since I and J are homogeneous ideals, we can find generators for each that are
homogeneous. Say I = (f1,..., fs) and J = (g1,...,g:). Then

IT+J={f1,- - fs 01, -, )

is generated by homogeneous polynomials, hence is a homogeneous ideal. 0

(b) We'll use the other condition for an ideal to be homogeneous. Let f € I N .J. Write
f as a sum of homogeneous polynomials, f = f;+ f4 1+ -+ f1 + fo. Since f € [
and [ is homogeneous, each f; € I. Similarly for J. Thus each f; € INJ, so INJ is
homogeneous. O

Exercise 22.
(a) Let f(x,y,2) = x3yz + 4ayz* + Szyz3. Notice that d = 5. Then

0
or _ 3x2yz + 8xyz? + byz?
ox
g = 232+ 42222 + ba2d
dy
0
or _ 23y + 8xyz + 15xy2>
0z

Then

of of of
o Ty dy e 0z

= z(3x%yz + 8xyz? + 5y23) + y(az + 42222 + 5x2?) + 2(23y + 8x2yz + 15xy2?)
= (3x%yz + 8x2yz? + Say2®) + (2Pyz + 4a?yz? + ayz®) + (iyz + 8xyz? + 15xy23)

= 5(xPyz + daPyz? + bayz?).
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(b) We know that

(13.1)

(13.2)

(13.3)

fAzo, ..., zn) = A f(20,. .., 20).
Then differentiate on both sides with respect to \.

0
oA

Let’s look at the left-hand side. For 0 < ¢ <n let u; = Az;.

o) ~ (Of\ [Ou
o = 35(2) (%)

(Azg, ..., Azn) = d\" f(zo,. .., 2,).

where we have used the fact that 5~ is homogeneous of degree d — 1 and applied
(13.1) to the partials. Now substltute the result of (13.3) into (13.2) and divide by
%=1 (which is non-zero) to obtain the result.

First note that

_of 8f _g_
fr_ax _yz7 fy y ZZ:Z, fz_ 82 _:Ey

Now, V(f) = V(zyz) is the union of the three lines defined by z = 0, y = 0 and
z = 0. On the other hand, V(f,, f,, f) is the locus defined by

yz =0
xz =0
xy = 0.

A quick calculation reveals

V(fas fys f2) = V(z,y) UV(z, 2) UV(y, 2).

This is precisely the union of the three points of pairwise intersection of the three lines
in V(zyz), that is, the points {[1,0,0],[0,1,0],[0,0,1]}. In particular, V(f,, f,, f-) is
a subset of V(zyz). And indeed, since Euler’s theorem gives, in this case, that

if P e V(f,, fy, f.) then f,, f,, f. all vanish at P, so Euler’s theorem implies that f
vanishes at P, so in particular P € V(f).
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(d) First note that f = x%yz + xy*z + 2y2?, so
fo= df L =2axyz+y*24y2® =yz(2z +y + 2)

fy= gf—x z+2xyz + 22% = x2(v + 2y + 2)

f.= 8f—a:y+xy + 2zyz = zy(z +y + 22).

Now, V(f) = V(zyz(z +y+ z)) is the union of the four lines defined by x = 0, y = 0,
z=0and z+y+ 2z =0. On the other hand, V(f,, f,, f.) is the locus defined by

yz2r+y+2)=0
rz(x+2y+2)=0
zy(z +y+22) =0.

Since each of these is a product of three linear forms, each equation is satisfied exactly
when one (or more) of the factors is zero. Then for a point to be in the solution set
V(fz, fy, [-) we need one of the following lines to hold:

r=0=yz(y+2)=0=y=00R 2=00Ry=—=2
y=0=22(r+2)=0=2=00R2=00Rz=—

z2=0=u2y(r+y)=0=2=00Ry=00R z=—y

So the solutions are (after eliminating repetitions)
{[0,0,1],[0,1,0],[0,1,-1],[1,0,0],[1,0,—1],[1, —1,0].}

These points are the pairwise intersections of the four lines. (Note (;l) =6.) In
particular, V(f,, f,, f.) is a subset of V(zyz(x + y + 2)). And indeed, since Euler’s
theorem gives, in this case, that

T foty - fytz-fr=4-f,

if P € V(f., fy, f.) then f., f,, f. all vanish at P, so Euler’s theorem implies that f
vanishes at P, so in particular P € V(f). O

FYI: The vanishing locus in P? of a polynomial f that is a product of homogeneous linear
polynomials, where none is a scalar multiple of another, is called a line arrangement and is
an object of interest in current research. The vanishing locus of the partial derivatives, and
the ideal that the partial derivatives generate, is an important part of that.

Exercise 23.
(a) I = (a9, 20 a?y?23, ayz").

(b) my; = 4 since z* € I. my = 5 since y® € I. m3 = 6 since 2° € I. Thanks to the proof
in class, we can take r =4 + 5+ 6 = 15. But in fact r = 13 works. 0

(c) I = (22 y*) and J = (2% +y*).
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Exercise 24.
Let
P = [p1,p2,ps3], Q=|q1,q2,q3], R=[ri,r2,73].
The fact that P, (), R are collinear means that there is some linear form
x

ar+by+cz=labec] |y
z

that vanishes on all three points. (We're slightly abusing notation by identifying a 1 x 1
matrix with its entry.) That is, we have the matrix products

b q1 1
[abc] | po | =0, [abc| ¢ | =0, [abc] | re | =0.
D3 a3 r3
Then
b1
(13.4) [abcATTA| py | =0
D3

as well (and similarly for @, R). Now, [a b ¢J]A™! is a new 1 x 3 matrix of scalars, and as
such it defines a new linear form

x
[abcA™ |y
z
On the other hand,
P1
(13.5) Al pa | = o(P).
P3

Since (13.4) and (13.5) hold for @ and R as well, the equation (13.4) means that this new
linear form vanishes on ¢(P), #(Q), »(R) and so they are collinear.
The converse clearly holds since ¢ is invertible. 0

Exercise 25.
(a) In = (Ly, Ly), where Ly, Ly are homogeneous linear polynomials in five variables.
(b) We want to find the common vanishing locus of two homogeneous linear polynomials,
say Ly = agrg + a1x1 + asxs + asxs and Ly = byxg + byxy + b + bsxs. So we have
a system of linear equations

)

aprog + a1x7 + agxrs + azrz =
b0$0 + bll'l + bgiL‘Q + 53333 = 0.

Consider the coefficient matrix

| Go a1 a2 as
A_[bo b by 53]

The fact that the planes are distinct means that L, is not a scalar multiple of Lo,
so the rows of A are independent. Thus the dimension of the solution space of this
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system of equations is 4—2 = 2 (where 4 is the number of variables and 2 is the number
of equations). But a vector space of dimension two corresponds to a projective line,
so we are done.

(¢) A; could be defined by (x1 — xq, 3 — 22) and Ay could be defined by (xy — xg, T4 —3).

So A1 N Ay is the solution space of the system of equations

r1 — Xy — 0
T3 — Ty = 0
To9g — Ty = 0
Ty — T3 = 0

This means that if you fix any value for x4, say x4 = A, then
)\:$4:$3:$2:$0:x17
so the solution is exactly the point [1,1,1,1, 1].

(d) There are infinitely many possible answers. For a linear form L = agzo + a1z +
asxs + azrs + x4y to vanish at the point [1,1,1,1, 1], we need

ag+ a1 +as+ag+ays =0

(plug the value 1 into each x;). There is a four-dimensional linear space of such
solutions. To get a plane we need to choose two independent ones (by a)), and there
are infinitely many ways we could do that twice (to get two planes). 0

Exercise 26.
(a) <
If we know in advance that a = 3t, b = 4t and ¢ = 5t then
ar+by+cz=0 < @Bt)x+ t)y+ Bt)z=0 & 3r+4y+52=0
so they define the same line.
=
Consider the lines V(ax + by + cz) and V(3x + 4y + 52) in P2. Either they meet

in a single point or they are the same line. To find out which, we solve a system of
homogeneous linear equations

v + 4y + 5z = 0
ar + by + cz = 0.

Each equation represents a plane through the origin in R3. The lines in P? meet in a
single point if and only if the solution space of these two equations is a 1-dimensional
subspace of R? (i.e. a line through the origin in R?, i.e. a point of P?). Looking at
the coefficient matrix
3 45
[ a b c }

we know that the solution space is 1-dimensional if and only if the rank of this matrix
is 2, if and only if neither row is a multiple of the other. So the lines are the same in
P? if and only if the solution space is 2-dimensional, if and only if a = 3t, b = 4¢ and
¢ = bt for some non-zero t as claimed.



66

(b)

()

(e)

JUAN C. MIGLIORE AND GIUSEPPE FAVACCHIO

We have
(P?)Y = { Lines in P? } = { V(az + by +c2) } = { [a,b,c] }

where the latter is the set of triples of real numbers, not all zero, up to scalar multiples,
i.e. the latter is a projective plane.

(P?)V is called the dual projective plane. So what we have so far is that a point
P =la,b,c| in (P?)V corresponds to the line £p = V(ax + by + cz) in P2. You can use
this for the next two parts even if you didn’t get a) and/or b). Furthermore, even if
you don’t get ¢) you can use the statement of ¢) to do d) and e).

Say P; = [a;, b, ¢;] for i = 1,2,3. Then the P, all lie on a line in (P?)Y if and only
if there are some constants p, q,r € R such that [aq, b1, ¢1], [ag, ba, ¢o] and [ag, b3, c3]
are all solutions to the equation
pa+qb+rc=0
in the variables a, b, c. That is, we have
aip + g + ar = 0
0

asp + byqg + cor =
asp + bsg + csr = 0

But this means that [p, ¢, 7] is a common solution of the equations

ar + by + ¢z 0
asx + by + cz = 0
asr + byy + c3z = 0

i.e. [p,q,r] is common to the lines V(ayz + by + ¢12), V(asx + boy + c22), V(azx +
bsy + c32), i.e. to the lines p,, {p,, {p, as desired.

The points on this line are all on the same line (obviously), so the corresponding lines
in P? all pass through the same common point, by ¢). This collection of lines through

a common point is called a pencil of lines.

We start with the configuration
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In sketching the dual set of points, we have to make sure that A, C, E/, G are collinear,
B,C, D are collinear, B, F,G are collinear and D, E, F' are collinear. Here is one
possible sketch. The blue lines are just to emphasize which points are collinear.

Exercise 27.

Let

fer™ ={feR|foreach 0 <i<n there is some m; so that 2" f € I}.

Write f as a sum of its homogeneous parts:

f=h+hi+fot -+ fa

We want to show that for each j, f; € I*®*. That is, having chosen f;, we want to show that
for each ¢ we have z}" f; € I for suitable m;. Since f € I**, we know that for each i we have
xz"f el. But

:anl = x;nzfo + l‘;nlfl + -+ fl?:nlfd

is the decomposition of x}" f into its homogeneous parts. Since [ is homogeneous, we have
x;" f; € I for each j, as desired. O

Exercise 28.

(a)

(b)

(13.6)

For d > 4, notice that every monomial is in (22,42, 2%), i.e. [(z? y? 2%)]; = [R]
for all j > 4. (Soon we will give this property a name: it is an artinian ideal.) So
1 € (22,42, 2%)%¢ ie. the saturation is all of k[xz,y, 2].

Let I = (2%,9?% 2?%). Now it is no longer true that [I]; = [(z?,y?, 2%)]; = [R]; for any
J > 0. (For example, w’ is never in I.) In fact, we claim that I is already saturated!
(See what a difference an extra variable can make? Compare with (a).)

We know that I C I*% is always true, so we want to prove the reverse inclusion.
Let f € I, so there exist mg, my, mo, m3 such that fw™ e I, fa™ € I, fy™ €
I, fz™3 € I. Ignoring the last three, consider the condition fw™° € I. We have

fw™ = Az® + By* + C2*.

By unique factorization, w™ has to divide Az?+ By?+C2% We can’t quite conclude
that w™ divides each of A, B and C since for instance we might have A = —y? and
B = 22, in which case we only conclude that w™ divides C. So assume that no single
term in the right-hand side of (13.6) is zero (i.e. A # 0,B # 0,C # 0), that no two
terms sum to zero, and in fact that if we expand all products, we have removed any
terms that cancel out. This means that w™° divides every term on the right. Since



68 JUAN C. MIGLIORE AND GIUSEPPE FAVACCHIO

w™ clearly has no factor in common with 22, ? or 22, this means that it divides A,
B and C'. Then dividing both sides by w™°, and we get

f=A2>+Bvy*+C2el.
Thus I = I*® and we are done.

(c) Notice that [(z?, xy,z2)]; = [(x)]; for all j > 2, so the desired saturation is (z). O

Exercise 29.

Assume V' C P" is a projective variety and let R = k[zg,x1,...,2,]. We know that
Iy C I, so we want to show the opposite inclusion. Let f € 5. We want to show that
f € Iy, ie. that f(P)=0for all P € V. Let P € V. We know that V(xg,x1,...,2,) = 0,
so there is at least one x; that does not vanish at P. But for this choice of x; we still have

[ -] € Iy for some m;, so it vanishes at P. Since ;" does not vanish at P, we must have
f(P) =0 as desired. O

Exercise 30.

We have I = (2% zy,22) C R = k[x,vy, z]. Notice that I = z - (x,vy, z), i.e. the generators
of I are generators of the degree 2 component of the ideal (x). So [I]; = [(x)]; for all t > 2,
so the Hilbert functions coincide. We get hp/r(t) = t+1 for all ¢ > 2. Since R/(x) has depth
1 and R/I agrees with R/(z) in all degrees > 2, there is no other degree where x L fails to
be injective. The saturation of I is {x), and it corresponds to a line in P2. O

Exercise 31.

(a) We saw in Exercise 29 that Iy is a saturated ideal. The condition that LG = 0 in
R/Iy means that LG € Iy. It’s easy to see that L ¢ Iy, and in fact L does not vanish
on either component of V. Thus if LG vanishes on all of V', we must have G € Iy.

This means G = 0 in R/Iy. So L is a regular element by definition.
(b) The plane defined by L meets the component V(z,z;) at the point
V(zo, x1, 0 + 21 + 29 + x3) = V(20, 21, 22 + 23) = [0,0,1, —1].
Similarly, the plane defined by L meets the component V(xs,x3) at the point
V(zg, x3, 0 + 21 + 29 + x3) = V (29, 23, 20 + 1) = [1,—1,0,0].

(¢) By inspection we can choose L' = x¢ + x;.
(d) We check each x; separately.

zo(zo + 1) = 23 + o1 = wo(20 + T1 + To + X3) — ToT2 — Tox3 € (L, Iy/)
ZL’l(ZEO + 1'1) = Tox1 + l’% = l’l(ﬂfo + 21+ 29 + l’g) — T1Ty — T1X3 € <L, ]V>
1‘2($o + ZB1) = 2oT2 + 129 € Iy C <L, [V>
33’3($0 + 1'1) = xor3 + 1123 € Iy C <L, [V>

(e) No matter what element of [R/(L, Iy)]; you choose, part (d) shows that it is anni-
hilated by zg + x;. Notice that (xg + x1) # 0 in R/(L, Iy). So for a general linear
form ¢, the equation /G = 0 always has a nonzero solution, namely G = xy + 1.
Thanks to Remark 3.8, this means that R/(L,Iy) has no non-zerodivisors, and
depth(R/1Iy) = 1.

(f) zo,x2 #0in R/Iy but ¢ - x5 =0in R/Iy . O
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Exercise 32.
We know that I C 1% so [I], C [I°%], for all ¢ > 0. The exercise is asserting that the
number of degrees in which this latter is not an equality is finite. For convenience denote by

m the irrelevant ideal (zo, ..., x,).
Since R = klxy, ..., x,] is Noetherian, [°* is finitely generated. Let d be the largest degree
of any element in a minimal generating set for I°***. Let {f,..., f.} be a basis for [[**],.

(These elements may or may not be in 1.) For each f; and each variable z;, 0 < j < n,
there is a positive integer m; ; so that f; - x;nj € I. It’s not hard to check that then for each
i there exists a positive integer NNV; (for example the sum over j of the m;; works) so that
fi -mYitP C [ for all p > 0.

Now let N = max;{N;}, so that f;-m®" C I for all f;. It follows that [I°%];-m®" C [I]4sn-
Since all the minimal generators of I°* occur in degree < d, we know that m? - [[5%]; =
[1°%%] 44, for any p > 0. Putting it all together we have

Nasnip € [P arnsp = P[5y C [1aynep

(since the f; generate I°%). This gives the result. O

Exercise 33.

(a) Let f € I:m and write f as the sum of its homogeneous parts:

f=fo+ i+ +fa

We want to show that each f; isin I : m. Let m € m. Without loss of generality
assume m is homogeneous. (If not, apply the same argument for each homogeneous
part.) By definition, fm € I. Note that

fm= fom+ fim+---+ fam.

This is the homogeneous decomposition of fm since m is a homogeneous polynomial.
Since [ is a homogeneous ideal and fm € I, each f;m € I. But this means that each
fiisin I : m, as desired.

(b) It’s clear that I : m D I always, so really we can replace [ :m =1 with [ :m C [ in
the statement.

Assume first that I is saturated. Let f € I : m. We want to show that f € [.
Since f € I : m, we have fxg € I, foy € I, ... | fx, € I. By Definition 3.3, this
means f € I°*. But I**® = [ since I is saturated, so we are done.

Conversely, assume that I : m C I. We want to show that I = I°%. Since 5"
in any case contains I, we can suppose that I*¢ properly contains I and seek a
contradiction. We have seen in Exercise 32 that for ¢t > 0 we have [I°**], = [I];, so it
makes sense to choose f homogeneous of largest possible degree so that f € I5%\[.
We claim that then we have

(137) fxo,..., fx, €1.

Certainly since f € I**, some power of each z; multiplies f into I, so if fx; ¢ I for
some 7 we can replace f by fx;, contradicting the assumption that f is of largest
possible degree. But (13.7) implies that f € I : m = I, so we are done.

(c) This is essentially what we proved in (b) via (13.7). O
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Exercise 34

Suppose that I is not saturated. We want to show that depth(R/I) = 0. By Exercise 33
(c), the fact that I is not saturated means that R/I has a socle element f, so for any (linear)
form L the equation LG = 0 in R/I does not force G = 0, since we can always take G = f
no matter what L is. So R/I has no non-zerodivisors, i.e. depth(R/I) = 0. O

Exercise 35.

(a) From Example 3.16 we have seen that Kdim (R) = n+ 1, while it is not hard to show
that (zg,...,x,) is a regular sequence.

(b) Since V is a finite union of points, the Krull dimension of R/Iy is 1. On the other
hand, if L is a linear form defining a hyperplane that avoids all the points of V' then
it is a non-zerodivisor since LF' € I forces F € Iy .

(c) Take C' = two skew lines. It is a union of two copies of P! so it is a variety of dimen-
sion 1, and hence Kdim R/I¢ = 2, while in Exercise 31 showed that depth(R/I) = 1.
O

Exercise 36.
(a) In the following picture, the dots represent monomials.

.
IV

(b)

2 2 .3 ,.2 2 .3 .3 2,2 3,4 ,.3,2 .5
17357?Ja$ Yy TY, Y T, T Y, XY LY Y, Y ,TY LY Y LY

(c¢) Count the number of dots on the diagonals, not in the shaded area.

(1 ift=0;

2 ift=1,

3 ift=2;

hR/[(t): 4 lft:?),
4 ift=4;

2 ift =5,

L 0 ift>6;

(d) The Hilbert polynomial of R/I is the zero polynomial, since R/I takes the value 0
for all ¢ > 6. O
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Exercise 37
The given sequence of integers is (1,5,12,17,25,36). The growth from degree 0 to degree
1 is automatically OK, and the growth from degree 5 on is automatically OK. For the rest:

() = - ()

4=+ () = - () () -mes-
700 0) = - () () () momere
- () ) = 50 () () -

12 < 15, 17 < 23, 25 < 26 and 36 < 36,

the sequence is an O-sequence. Notice that the growth from degree 4 to degree 5 is maximal.
(So if the sequence had ended with 37 instead of 36, it would not be an O-sequence.)

N

Since

Exercise 38
By the Auslander-Buchsbaum formula,

proj dim R/I 4+ depth R/I =n+ 1= 2.

Since R/I is artinian, its depth is 0. Thus the projective dimension is 2. We also know that
it is Gorenstein. Thus the minimal free resolution has the form

0—R(-)—>F—>R—R/I—0.

But the alternating sum of the ranks is 0, so I has to have rank 2. This is the codimension
of R/I so R/I is a complete intersection.

Exercise 39
See the instructors if you need help or suggestions.

Exercise 40

We saw in Example 3.19 that a single line is ACM so we just have to show that a set V'
of two skew lines is not ACM.

A set of two skew lines (in any projective space) has Krull dimension 2, since the two skew
lines are one-dimensional as a projective variety. On the other hand, since by definition Iy
is saturated, we have by Remark 3.11 that R/I has depth at least one.

So to show that V' is not ACM, we have to show that the depth of R/Iy is exactly 1. That
is, there does not exist a regular sequence of length 2. By Remark 3.8, it is enough to look
at linear forms. Then we are done by Exercise 31.

Exercise 41 Let Z C P" be a set of d points and denote by hz(t) its Hilbert function. It is
trivially true that hz(t) =0 for t < —1 and hz(0) = 1. If n = 0 then Z is a single point and
hz(t) = 1 for all t > 1 so there is nothing to prove. Thus we assume n > 1. If d = 1, we have
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hz(t) =1 for all t > 1 and again there is nothing to prove. So without loss of generality,
assume d > 2; then we also have hz(1) > hz(0).

At this point, without loss of generality we can assume ¢t > 2 and d > 2.

Let I be the defining homogeneous ideal of Z. Let L be a linear form not vanishing on
any of the points of Z. We first claim that Iy : L = [;. Indeed, if LF € I, then F € [,
since L avoids all the points, so the claim follows immediately.

Then the exact sequence in Remark 3.12 gives us a short exact sequence

0= [R/ 7)1 =5 [R/17); — [R/(IL)]; — 0.
Thus we get hz(t—1) < hyz(t) for all ¢. It only remains to show that once hy(to—1) = hz(to)
for some ty, we have equality for all ¢ > ;. But the stated equality means
[R/<Iv L)]to = 0.

Since R/(I,L) is a standard graded algebra, as an R-module it is generated in degree 0.
Thus once a component is zero, it can never become non-zero. So the Hilbert function is
strictly increasing from degree 0 until some t(, at which point it stabilizes.

Why is the value of the Hilbert function at this point precisely d? As in Example 7.3 (c),
you can check that for ¢ > 0, Z imposes independent conditions on forms of degree t. For
such t,

hz(t) = dim[R/Iz]; = dim[R]; — dim[Iz]; = dim[R]; — (dim[R]; — d) = d.

Exercise 42.

(a) Let Py, ..., Ps be a set of five points in P2. We'll prove that if they lie on a line then
they do not impose independent conditions on cubics, and if they do not lie on a line
then they do impose independent conditions on cubics.

Assume that P, ..., Ps lie on a line, /.

A B P P P
—e o o o o — /

We want to know: if we remove any point, say F;, can we find a cubic vanishing
at all the remaining points but not at P;? Say F were such a cubic. Then the
restriction of F' to the line ¢ = P! would be a homogeneous polynomial of degree 3
with four zeros. But then this restriction has to be identically zero. This means that
F vanishes along all of ¢, so in particular it vanishes at P;,. Thus the points do not
impose independent conditions on forms of degree 3, i.e. on plane cubics.

Now assume that the points do not all lie on a line.

Case 1: Four of the points are on a line, say ¢, and the fifth is not on that line.
Without loss of generality say Ps is not on the line.

P P P P

R . ¢

o [

We want to remove any of the five points and show that there is a cubic vanishing
at the remaining points but not the one we removed. If we remove Ps, for example the
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cubic £3 does the trick. If we remove any of the other points, without loss of generality
say it is P, (but the same argument works for any of the points on ¢). Then the cubic
consisting of the union of the three lines joining P5 to P;, P, P3 respectively does the
trick:

Case 2: Assume no four of the points lie on a line. In this case we can subdivide
into the subcase where three of the points lie on a line, and the subcase where no
three lie on a line. In both subcases, though, it’s easy to see that you can use three
lines to isolate any of the five points, as we did above.

Clearly not all the seven points lie on a line, so dim[I(V')]y = dim[/(V)]; = 0. This
accounts for the 1 and the 3. Also, clearly once we reach the value 7 it stays at 7, from
what we said in class. So we have to verify the values in degrees 2 and 3. It is a fact
(e.g. from [H]) that two conics contain at most four points in common, unless they
have a common factor. Since our conic is irreducible, it does not contain a common
factor with anything else. Thus we can’t have two independent conics containing V/,
so dim[I(V)]s = 1 and so

Finally, to verify the value in degree 3 it’s enough to show that the points impose
independent conditions on cubics. But removing any point P;, we can pair the re-
maining points up and consider the three lines that we thus get. Since each of these
lines already contains two points of the conic, the hint shows that they can’t contain
a third, i.e. P; is not on the cubic formed by the union of these three lines. This
completes the proof.

The 3 says that the points lie in P? but do not all lie on a line (otherwise it would be
3 —1=2). As above, the 5 says that the points lie on a unique conic. But if they
lay on an irreducible conic, we would get the Hilbert function from (b), which is not
the Hilbert function we’re looking at. So these points lie on a reducible conic, i.e. a
union of two lines. The 7’s tell us that we have a total of seven points. So the key is
to see what the 6 tells us.

The issue is to see how many points lie on one line and how many lie on the other.
We just saw that not all seven lie on one of them. Suppose that six lie on one line
and one lies on the other:
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P Py Py Py P Ps
2

Uy

Then we could replace ¢, by any other line containing P;, so there would not be a
unique conic containing the seven points. So this is impossible.

We're left with either 4 on one line and 3 on the other, or 5 on one line and 2 on
the other. Let’s rule out the former.

b

Py

l

If we remove one of Py, Py, P53, P, then the remaining six can be paired up with lines
joining a point on ¢; with a point on /5, avoiding the one we removed. If we remove
one of Ps, Py, P;, say without loss of generality it’s P5, then we take ¢; together with
a line other than /5 through Fs; and one through P;. We conclude from this that
this set of seven points imposes independent conditions on cubics, so the value of the
Hilbert function in degree 3 is 7, not 6.

The only remaining possibility is that we have five points on one line (say /¢;)
and two on the other (or else that this Hilbert function does not occur at all, but
this is not the case). Let’s verify that a set of points of this sort does have the
desired Hilbert function. The same kind of reasoning as in part (a) shows that this
set of points does not impose independent conditions on cubics, but it does impose
independent conditions on quartics. Remember that a finite set of points imposes
independent conditions on forms of degree ¢ if and only if the value of the Hilbert
function in degree t is the number of points. So we have the following information:

)

(since the points don’t all lie on a line)
(since the points lie on a unique conic)
(but not yet 7)

=W N = O
>
N BEN EEECINGL U fon
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We said in class that the Hilbert function has to be strictly increasing until you
reach the number of points. Therefore the value in degree 3 has to be 6, and we're
done. 0

Exercise 43.

(a) Ic is a monomial ideal, so as before we can count monomials not in /¢.

t basis for [R/I]; hr/i(t)

0 1 1

1 w, T, Y, 2 4

2 w?, wx, 2%, y?, yz, 2 6 (Note 6 = 10 — 4.)
3| w?, wix, wr?, 23,3, Pz, 22, 23 8

t|w w e, w222, wat Tt 2t

Yoyt gt Lyt et | 2t 2

hR/IC 17476787
Ahpir,  1,3,2,2,.
A2hp, 1,2,—1,0,

Notice that the entries of Ath/[C are not all positive. This is related to the fact
that you proved in Exercise 31 that depth(R/I¢) = 1, while Kdim(R/I¢) =2, so C
is not ACM. 0

Exercise 44.

Remark 4.11 says that if V' is a finite set of points then the eventual value of hy (t) is the
number of points, and Remark 7.4 shows that if R/I is Cohen-Macaulay (e.g. if I = Iy
for some finite set of points V') then you recover hp/r, by “integrating.” Thus the Hilbert
function in this case is given by

(1,1+a1,1+a1+a2,...)

and the eventual value is 1 + a; + as + - - - + a4 as claimed. ]

Exercise 45.

The artinian reduction of R/I has Hilbert function equal to the appropriate difference
of the original Hilbert function exactly when R/I is Cohen-Macaulay. This is because we
need (7.1) to be a short exact sequence, and for this we need a regular sequence of the right
length. ([l

Exercise 46.
The degree is obtained by adding the entries of the h-vector, namely 22.
For the Hilbert function, it’s the same idea as before: we integrate.

dimension ‘ Hilbert function
artinian | (1,4,7,8,2)

points 1,5,12,20,22,22,...
curve 1,6,18, 38,60, 82,...
surface 1,7,25,63,123,205,. ..
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Exercise 47.

If I were saturated, R/I would have depth at least 1 (Exercise 34). Thus for a general
linear form L, the Hilbert function of R/(I, L) would be (1,3,—1,1,1,...). This is clearly
not the Hilbert function of any standard graded algebra. Thus I can’t be saturated.

The Hilbert polynomial of R/I is clearly ¢ + 1, so the leading coefficient tells us (Remark
4.7) that I is eventually equal to the homogeneous ideal of a line, which has Hilbert function
(1,2,3,...) (Example 7.3 (4)). So I** is the ideal of a line, and its Hilbert function is

(1,2,3,...). O

Exercise 48.
We’ll use Lemma 8.4. Let L be a general linear form and consider the multiplication by
L on R/I from degree t — 1 to degree t. Assume that R/I has the WLP. Consider the exact

sequences

e L
and 0= [R/(I: D)1 =5 [R/1), — R/(I,L) = 0
(see (3.1).

Surjectivity of x L is equivalent to [R/(I,L)]; = 0. It is clear that once this is zero for
some t, it is zero forever after that (since once (I, L) is equal to R in one degree, it is equal
forever after). In other words, once you have surjectivity in one degree, it is surjective forever
after.

But WLP means that if surjectivity does not hold then injectivity does. Injectivity im-
plies hp/i(t —1) < hg/(t), and equality means that xL is both injective and surjective.
Surjectivity means hg/(t —1) > hg/r(t).

Clearly x L is injective but not surjective when ¢t = 0. Then x L must be injective but not
surjective for a while (possibly) — this corresponds to hg/; being strictly increasing — then
possibly both injective and surjective, and then surjective. The result follows.

One caveat is that it is possible that the tail of the Hilbert function does have places where
the values are equal. For example, (1,3,6,8,8,6,6,4,3,3,1) is possible. Here we have only
injectivity until t = 3, then surjectivity for ¢ > 4, but in fact we have both injectivity and
surjectivity for ¢ = 4,6,9 (and of course after the Hilbert function reaches 0).

Exercise 49.

We want to show that if R/I is a monomial algebra (i.e. [ is generated by monomials)
then R/I has the WLP if and only if multiplication by L = x; + - - - + x,, has maximal rank
in each degree, where R = klxy, ..., z,].

We already know that if this L gives maximal rank then it also holds for a general element
of [R]1, by semicontinuity. So we want to prove the converse. That is, assume that we know
that R/I has the WLP, so there is some element L’ for which x L’ has maximal rank in each
degree.

Claim 1: Since R/I is artinian, some power of each variable is a minimal generator of I.
(You should convince yourself of this.)
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Claim 2: Recall that since, by assumption, L’ gives maximal rank in each degree, it is
also true for a general element of [R];. So without loss of generality we can assume that
L'=ax1+ -+ apx, with a; Z0 for all 1 <i <n.

Claim 3: Performing a change of variables does not change whether or not R/I has WLP.

So use the substitution |
i

Claim 4: Under this change of variables, L — x1 + - - - + x,,.
Claim 5: Nevertheless, the monomial ideal I remains unchanged.

This completes the proof. Also see the attached paper [MMN1] (Proposition 2.2) and the
class notes.

Exercise 50.

(a) For a monomial ideal I, a basis for [R/I]; is given by all the monomials of degree ¢

not in /. In our case we have
basis for [R/I];

1
T, Y,z
Y, T2, Yz
ryz

4 0

IV w o — o

t

(b) A basis for [R/I]y is given by 1, and clearly 1- L = L # 0 so injectivity is clear from
degree 0 to degree 1. As for the multiplication from degree 2 to degree 3, we saw that
a basis for [R/I], is given by {zy,zz,yz}, and a basis for [R/I]; is given by {zyz}.
Consider
(x+y+2)(azy + brz + cyz) = (a + b+ c)xyz
in R/I. For example taking a = 1,b = ¢ = 0 gives surjectivity.

(c) Now consider the multiplication from degree 1 to degree 2. Using the given bases for
[R/I]; and [R/I] we get that x L is represented by the matrix

1 10
1 01
011

The determinant of this matrix is —2, which is zero if and only if k£ has characteristic 2.
The conclusion about WLP is immediate.

(d) Using the given bases, an element f = ax + by + cz of [R/I]|; can be represented by
the column matrix [a b ¢, so the multiplication gives

1 10 a a-+b
1 01 b|l=1|a+c
011 c b+c

Since we are in characteristic 2, taking a = b = ¢ = 1 does the trick. Notice that this
means L itself is in the kernel of XL, i.e. that L? = 0 in R/I. O
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Exercise 51.
(a) I contains a pure power of each variable, so it is artinian.

(b) As in Exercise 50, for a monomial ideal I, a basis for [R/I]; is given by all the
monomials of degree ¢t not in /. In our case we have

t basis for [R/I]; hri(t)

0 1 1

1 T,Y, % 3

2 2%, vy, vz, 2%, Yz, 22 6

3 | 2Py, 2z, xy?, w22 Pz, y2? 6

4 22?22 2R 3
t>5 0

so the Hilbert function is (1, 3, 6,6, 3).

(c) We want to show that x(x + y + 2) fails maximal rank, no matter what the charac-
teristic of k is. Consider the exact sequence

[R/1s 5 [R/1)5 — [R/(I, L)]5 — 0.
where L = z + y + 2. It is enough to show that
dim[R/ (2% y*, 2°, xyz, x +y + 2)]3 > 0.

We have
klz,y, 2] /(2 9%, 2% wyz,c +y + 2) = Kz, ]/ (2%, 9% (v +9)°, ay(z + )
= klz,yl /(2 y°, 2 + 32y + 3xy® + y°, 2y(z + )
= klz,yl/(2®, v, 3zy(z + y), zy(x + y))
= klx,yl/(2® v, zy(x + )

so this is clearly non-zero in degree 3 since dim[k[z,y]]s = 4. At no point did the
characteristic play a role in our calculation, so it is independent of the characteristic.
O

Exercise 52.

We have assumed that R/I is an artinian Gorenstein algebra with the WLP, and that h
is its Hilbert function. We want to show that h is an Sl-sequence.

By Definition 10.1, we have to show that h is symmetric and that its first difference up
to the middle is an O-sequence. The first of these is automatic since R/I is Gorenstein (see
Remark 5.1) so we focus on the second one.

Recall the exact sequence from Remark 3.12:

Ed o A W iR 7

We have the following facts.

1. The WLP tells us that the first vector space and the last vector space in this exact
sequence can never be non-zero at the same time.

2. R/(I,L) is a standard graded algebra, so once it is zero in some degree, it is zero
forever after. (This is observed in Lemma 8.4.)

3. By duality, we must have injectivity in the first half and surjectivity in the second
half. (See also Proposition 11.1.)
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This means that we have injectivity up to the middle, so Ah is the Hilbert function of
R/{I, L) up to the middle, hence is an O-sequence.

Exercise 53.
This is immediate from the fact that

kN (k=1\ _ (k-1
n n S \n-1
for any k,n > 0.

Exercise 54.
The following is from [MZ3]| but you can come up with your own example. Consider the
sequence

(1,10,14,20, 14,10, 1).
It is obviously symmetric and unimodal. It is an O-sequence because

14 < 10M =55, 20 < 14® = 30

(and the rest is immediate because it is non-increasing).
However, the first difference is (1,9,4,6), and

6>4% =5

so this is not an O-sequence.
It is shown in [MZ3] that this sequence is actually the Hilbert function of a suitable artinian
Gorenstein algebra.

Exercise 55.
(a) The polynomial ring R = k[z, y] satisfies
 +2—-1
&mmh:(H_, >:i+L
i

Let I = (f,g), where deg f = m and degg = n > m. We have the Koszul resolution
(see page 19)

0— R(—m —n) — R(—m)® R(—n) = R— R/I -0

which gives

(i +1 for 0 <i < m;
: o (i+1)—@GFE—m+1) for m <i < m;
dim[R/1]; = (i+1)—(i—m+1)—(i—n+1) forn <i<m+n;

| @+ —(—-m+1)—(i—-n+1)+(@E-m-n+1) fori>m+n

(

1+ 1 for 0 <7 < m;

B m for m <i < mn;

o m+n—i—1 forn<i<m-+mn;
0 for i > m +n.

\

as desired.
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(b) First, it is clearly symmetric.
Second, note that for any t,

t+1
e (1)

t+2
(t+1)® = (tL) —t+2.

Since the growth of the given sequence is never greater than this, it is an O-sequence.
(This is obvious anyway since it is the Hilbert function of a specific algebra.)

Finally, the first difference of the first half of the sequence is the constant sequence
(1,1,...,1), which is clearly also an O-sequence.

SO

Exercise 56.
Let Z ={P,...,P}. Let 7 = (*7"), and note that dim[R], = 7. Let

[ =axi+ - +azt €R);.

Then vanishing at any P; gives a homogeneous linear equation in the variables ao,...,a,,
and solving the r linear equations gives [/ N Iz];. Showing that these linear equations are
independent is the same as showing that none of them is dependent on the other » — 1, which
boils down to showing that the removal of any of the points has a solution that does not
vanish at the last one. 0]

Exercise 57.
For P =[1,0,...,0] we have I,p = I} = (x1,...2,)™. Then
dime(Clzo, 1, ..., 2] N [Ip']:) = dimc[IP7]e.

Recall from Exercise 1 that dime(Clzo, ..., z,)¢) = (“7"); hence we write

dimc[/p]; = (t—;n) - ((HT—L”) —dimc[]?]t> :

Therefore the number of conditions imposed by mP on forms of degree ¢ is the number of
monomials of degree ¢ in C[zg, 21, ..., x,] that are not in (z1,...,)™. This number is ("*")
if m > t; otherwise it is

S0,

5=0
where each summand is the number of monomials of type xf)_j - M with M € Clxy, ..., z,];,
and we are using the well-known Pascal’s rule (Z) + (kil) = (Z:[})

Notice that this latter number in the displayed equation is the number of monomials of
degree m — 1 in Clzy, ..., ). O

Exercise 58.

The picture is sketched in the accompanying figure, and it is helpful to keep it in mind
as you go through the solution. We will give two solutions — the first is very computational,
and the second is very geometric (and possibly easier to follow).

First solution. By Exercise 41, the value of the Hilbert function is strictly increasing until
it reaches the value 8, at which it stabilizes. It is clear that Iy contains no forms of degree 2.
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T

o 0
® ® ®

1 1 0 1 2 1
o 0 o

F1GURE 1. The set X in Exercises 58 and 59

Also note that the curves (z + 2)z(x — z) and (y+ 2)y(y — 2)) € Ix. So, there are only two
possibilities either Hy = (1,3,6,7,8,...) or Hy = (1,3,6,8,8,...).
Let’s start the computation.
<$+Z,y—2> N (x,y—z)ﬁ
Ix = (v +2,9) N (z,y) N (z = 2,y)N
(x+z,y+z)N{x,y+2)N{x—2zy+2).
Then
Ix= {(z+2)z,y —2) N {(z+ 2)z(z — 2),y) N {(z + 2)z(z — 2),y + 2)
(x4 2)z,y —2) N {((z+ 2)x(r — 2),y(y + z)>
= ((@+2)z(e—2),(y + 2)yly — 2),z(@ + 2)y(y + 2)).
Now, the linear form z defines a line not containing any of the points in X so it is a regular
element in R/Ix and then the first difference of Hy is the Hilbert function of the artinian

algebra
R/(2)/Ix + (2)/(2) = klz,y]/(=°, y*, 2*y?).
Therefore
AHx = (1,2,3,2)
and
Hx =(1,3,6,8,8,...).

Second solution. Observe that X does not lie on any conics. We now show that X imposes
independent conditions on [R]; for ¢ > 3, and this will give the Hilbert function that we found
in the first solution.

By Exercise 56, it is enough to show that the removal of any point P, € X allows one to
find a curve of degree ¢t > 3 that vanishes at the remaining points but does not vanish at
P;. 1t is enough to handle the case t = 3. We leave it to you to check that for any such
P; there is a subset of the remaining points consisting of three collinear points, and then a
conic vanishing at the remaining four points of X\{F;} but not at P;. O
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Exercise 59

In Exercise 58 we computed that Hx(3) = 8 and thus dimg[/x]s = 10 — 8 = 2. However,
the forms (z + 2)z(z — 2), (y + 2)y(y — 2) € Ix are generators for [Ix]; and both vanish
at P. These forms define two cubic curves meeting in the 9 points of the set X U {P}, so
P imposes no conditions on [Ix]3; however, any other point not in this set will impose one
condition on [Ix]s. O

Exercise 60. Let F' € [Ix];, let P not in the hypersurface defined by F. Then P imposes
a condition on forms of degree t vanishing at X since by construction, not every element of
[Ix]¢ vanishes at P. O

Exercise 61. We have
Ix = (z,y)* N (2, 2) N (y, 2) = (2y, 22, y%2).
So Iy is a monomial ideal and then the Hilbert function of X can be calculated as shown
in Section 4. Therefore we get, dim[/x], = 10. So e-dim (X, 4,4) = 10—10 = 0. However, for
a general point P of multiplicity 4, the curve C' consisting of the union of the lines P; P with

multiplicity 2, P, P and P3P vanishes at X, and by Bezout’s Theorem any curve of degree 4
vanishing at X and at 4P must be equal to C. Hence we get a-dim (X, 4,4) = 1. U

Exercise 62. Assume that a = 1 or 2 and b > 4. The two lines {1,/ € L certainly lie
on a smooth quadric surface (for instance since we know any three disjoint lines do), so the
grid points X do as well. However, consider the grid lines ¢}, ¢,, {5, € L. These determine a
unique smooth quadric surface (), and by Bezout’s theorem this quadric surface must contain
¢y and ¢y. But we have too much freedom to choose £, and beyond, and in particular they
can be chosen off of Q).

On the other hand, if 3 < a < b then again considering ¢}, 05, ¢, as before, we get that all
of the other lines are forced to be on () by Bezout’s theorem. 0

Exercise 63. Consider the plane spanned by three points in X and take a general point P
on this plane. Project from P to get in P? a set of six points, of which three are collinear
and the other three are not on a line. Such a set of six points cannot lie on a conic. U

Exercise 64 Let 7 be the projection from a general point. If no three points of X are on
a line and no four points are on a plane then, by Exercise 63, six of the points in X are
enough to exclude that m(X) lies on a conic. Therefore three points of X must be on a line.
In order for X to be (2,b)-geproci, this line must be a component of the conic. Hence the
conic containing 7 (X) splits into the union of two lines, and again in order to be a complete
intersection, both of the lines must contain b points of X. Since the projection is general
and X is non-degenerate, X is contained in two skew lines. This is enough to conclude that
X is a (2,b)-grid. O
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ABSTRACT. An artinian graded algebra, A, is said to have
the weak Lefschetz property (WLP) if multiplication by a gen-
eral linear form has maximal rank in every degree. A vast
quantity of work has been done studying and applying this
property, touching on numerous and diverse areas of algebraic
geometry, commutative algebra and combinatorics. Amaz-
ingly, though, much of this work has a “common ancestor”
in a theorem originally due to Stanley, although subsequently
reproved by others. In this paper we describe the different
directions in which research has moved starting with this the-
orem, and we discuss some of the open questions that continue
to motivate current research.

1. Introduction. The weak and strong Lefschetz properties are
strongly connected to many topics in algebraic geometry, commutative
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algebra and combinatorics. Some of these connections are quite sur-
prising and still not completely understood, and much work remains
to be done. In this expository paper we give an overview of known
results on the weak and strong Lefschetz properties, with an emphasis
on the vast number of different approaches and tools that have been
used, and connections that have been made with seemingly unrelated
problems. One goal of this paper is to illustrate the variety of methods
and connections that have been brought to bear on this problem for
different families of algebras. We also discuss open problems.

Considering the amazing breadth and depth of results that have been
found on this topic, and the tools and connections that have been
associated with it, it is very interesting to note that, to a large degree,
one result motivated this entire area. This result is the following. It was
proved by Stanley [53] in 1980 using algebraic topology, by Watanabe
in 1987 using representation theory, by Reid, Roberts and Roitman
[48] in 1991 with algebraic methods, by Herzog and Popescu [30]
(unpublished) in 2005, essentially with linear algebra, and it follows
from the work of Ikeda [50] in 1996 using combinatorial methods.

Theorem 1.1. Let R = kf[xy,...,x,], where k has characteristic
zero. Let I be an artinian monomial complete intersection, i.e.,
I=(z{", ..., z%).

Let ¢ be a general linear form. Then, for any positive integers d and 1,
the homomorphism induced by multiplication by 2,

xt?: [R/I]; = [R/1]itd

has mazximal rank. (In particular, this is true when d = 1.)

This paper is organized around the ways that subsequent research
owes its roots to this theorem.

Our account is by no means exhaustive. Fortunately, the manuscript
[27] has appeared recently. It gives an overview of the Lefschetz
properties from a different perspective, focusing more on the local
case, representation theory and combinatorial connections different
from those presented here.
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There is one topic that is neither treated in [27] nor here but
that is worth mentioning briefly. In [39], examples of monomial
ideals were exhibited that did not have the WLP but that could be
deformed to ideals with the WLP. A systematic way for producing
such deformations that preserve the Hilbert function has been proposed
by Cook and Nagel in [19]. The idea is to lift the given monomial
ideal to the homogenous ideal of a set of points and then pass to a
general hyperplane section of the latter. It is shown in [19] that this
procedure does indeed produce ideals with the WLP for a certain class
of monomial ideals without the WLP.

In May 2011, the first author gave a talk at the Midwest Commutative
Algebra and Geometry Conference at Purdue University on this topic.
This paper is a vast expansion and extension of that talk, containing
many more details and several new topics.

2. Definitions and background. Let k be an infinite field. We
will often take char (k) = 0, but we will see that changing the charac-
teristic produces interesting new questions (and even more interesting
answers!).

Let R = k[z1,...,x.| be the graded polynomial ring in r variables
over k. Let

A=R/T=EPA
i=0
be a graded artinian algebra. Note that A is finite dimensional over k.

Definition 2.1. For any standard graded algebra A (not necessarily
artinian), the Hilbert function of A is the function

hy:N— N
defined by h 4 (t) = dim [A];. One can express h, as a sequence
(ho = 1,h1,ho, hs,...).
An O-sequence is a sequence of positive integers that occurs as the

Hilbert function of some graded algebra. When A is Cohen-Macaulay,
its h-vector is the Hilbert function of an artinian reduction of A. In
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particular, when A is artinian, its Hilbert function is equal to its h-
vector.

Definition 2.2. An almost complete intersection is a standard
graded algebra A = R/I which is Cohen-Macaulay, and for which the
number of minimal generators of I is one more than its codimension.

Definition 2.3. A is level of Cohen-Macaulay type t if its socle
is concentrated in one degree (e.g., a complete intersection) and has
dimension t.

Definition 2.4. Let ¢ be a general linear form. We say that A has
the weak Lefschetz property (WLP) if the homomorphism induced by
multiplication by /,

X/ Az — Ai+1,

has maximal rank for all ¢ (i.e., is injective or surjective). We say that
A has the strong Lefschetz property (SLP) if

de : Az — Ai—l—d
has maximal rank for all 7 and d (i.e., is injective or surjective).

Remark 2.5. (a) One motivation for the work described in this paper
is that something interesting should be going on if multiplication by a
general linear form does not induce a homomorphism of maximal rank,
even in one degree.

(b) Later we will see that there is a strong connection to Froberg’s
conjecture. In this regard, we note that £¢ should not be considered to
be a “general” form of degree d, since in the vector space [R]q (d > 1),
those forms that are pure powers of linear forms form a proper Zariski-
closed subset.

(c) Suppose that degf = d and xf : [R/I]; — [R/I]i+a has
maximal rank, for all i. Pardue and Richert [47] call such an f semi-
reqular. Reid, Roberts and Roitman [48] call such an f faithful. If
x f7 i [R/I]; = [R/I]i+qj has maximal rank for all i and all j, they call
such an f strongly faithful. So R/I has the WLP if R contains a linear
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faithful element, and R/I has the SLP if R contains a linear strongly
faithful element.

(d) Several authors consider the question of the ranks that arise if
x ¢4 is replaced by x F for a general F of degree d. This is the essence
of the Froberg conjecture, is related to the WLP, and will be discussed
below in Section 6.

How do we determine if R/ fails to have the WLP? Let ¢ be a general
linear form and fix an integer :. Then we have an exact sequence

[R/I)i—1 =5 [R/I); — [R/(I,0)]; — 0.

Thus, x/ fails to have maximal rank from degree i — 1 to degree ¢ if
and only if

dim [R/(I,0)]; > max{0, dim [R/I); — dim [R/I];_1}.

More precisely, if we want to show that the WLP fails, it is enough to
identify a degree i for which we can produce one of the following two
pieces of information:

(i) dim [R/I];—1 < dim[R/I]; and dim [R/(I,¢)]; > dim [R/I]; —
dim [R/I];—1; in this case, we loosely say that WLP fails because of
injectivity; or

(ii) dim [R/I];—1 > dim [R/I]; and dim [R/(I,£)]; > 0; in this case,
we loosely say that WLP fails because of surjectivity.

In general, even identifying which ¢ is the correct place to look can be
difficult. Then, determining which of (i) or (ii) holds, and establishing
both inequalities, is often very challenging. This is where computer
algebra programs have been very useful, in suggesting where to look
and what to look for! On the other hand, to prove that R/I does have
the WLP, the following result is helpful:

Proposition 2.6 [39, Proposition 2.1]. Let R/I be an artinian
standard graded algebra, and let ¢ be a general linear form. Consider
the homomorphisms ¢q : [R/Ilqa — [R/I]ay1 defined by multiplication
by ¢, for d > 0.

(a) If ¢, is surjective for some dy, then ¢q is surjective for all d > dy.
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(b) If R/I is level and ¢gq4, is injective for some dy > 0, then ¢q is
injective for all d < dy.

(¢) In particular, if R/I is level and dim [R/I]4, = dim [R/I]4,+1 for
some dy then R/I has the WLP if and only if ¢q, is injective (and
hence is an isomorphism).

This result helps to narrow down where one has to look, especially in
the situation where we want to show that the WLP does hold. In this
case you have to find the critical degrees and then show that surjectivity
and (usually) injectivity do hold just in two (or occasionally one) spots.

In the case of one variable, the WLP and SLP are trivial since all
ideals are principal. The case of two variables also has a nice result, at
least in characteristic 0:

Theorem 2.7 [28]. If char (k) = 0 and I is any homogeneous ideal
in klx,y], then R/I has the SLP.

The proof of this result used generic initial ideals with respect to the
reverse lexicographic order. In the case of the WLP, it is not hard to
show that the above theorem is true in any characteristic ([20, 35,
44]). However, the characteristic zero assumption cannot be omitted
for guaranteeing the SLP. In fact, also the WLP may fail if there are
at least three variables. The following is an easy exercise:

Lemma 2.8. Assume char (k) = p. Consider the ideal
I'={(,....22) C R=Fk[x1,... 2],

where r > 2. Then
o R/(xl,... xP) fails the SLP for all r > 2.
e [t fails the WLP for all r > 3.
e [t has the WLP when r = 2.

Remark 2.9. Tt was pointed out to us by the referee that, in order for
failure of SLP to hold, one does not even need to take the exponents
to be p for all the variables. It suffices to take exponents at most
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p summing to at least p + r. For example, I = (z7727" 23, ... 22)
works if p > r, and I = (x%,23,... ,22) works if p < r. For the WLP
one can as well use I = (2,25, 23,...  22).

In Section 7 we will discuss the presence of the WLP in positive
characteristic in more detail.

A useful consequence of knowing that an algebra A has the WLP
or SLP is that its Hilbert function is unimodal. In fact, the Hilbert
functions of algebras with the WLP have been completely classified:

Proposition 2.10 [28]. Let h = (1,hy,ha,...,hs) be a finite
sequence of positive integers. Then h is the Hilbert function of a graded
artinian algebra with the WLP if and only if the positive part of the
first difference is an O-sequence and after that the first difference is
non-positive until h reaches 0. Furthermore, this is also a necessary
and sufficient condition for h to be the Hilbert function of a graded
artinian algebra with the SLP.

The challenge is thus to study the WLP and SLP (or their failures),
and the behavior of the Hilbert function, for interesting famulies of
algebras. Most of the results below fall into this description. It should
also be noted that, conversely, some Hilbert functions h force any
algebra with Hilbert function h to have the WLP; these were classified
in [44].

In the rest of this paper, we indicate different directions of research
that have been motivated by Theorem 1.1; in most cases, there also
remain many intriguing open problems.

3. Complete intersections and Gorenstein algebras. By semi-
continuity, a consequence of Theorem 1.1 is that a general complete
intersection with fixed generator degrees has the WLP and the SLP.

Question 3.1. Do all artinian complete intersections have the WLP
or the SLP in characteristic 07

We know that the answer is trivially “yes” in one and two variables.
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In three or more variables, the following is the most complete result
known to date.

Theorem 3.2 [28]. Let R = k[z,y,z|, where char(k) = 0. Let
I = (Fy, F», F3) be a complete intersection. Then R/I has the WLP.

The proof of this result introduced the use of the syzygy module of I,
and its sheafification, the syzygy bundle. Subsequently, several papers
have used the syzygy module to study the WLP for different kinds of
ideals (see, e.g., [11, 12, 20, 26, 39, 51]). In the case of complete
intersections in k[z,y, z], the syzygy bundle has rank 2. The WLP
is almost immediate in the “easy” cases, and semi-stability and the
Grauert-Miilich theorem give the needed information about R/(1, /) in
the “interesting” cases.

Remark 3.3. (i) The SLP is still wide open for complete intersections
in three or more variables and, in fact, even the WLP is open for
complete intersections of arbitrary codimension > 4. Some partial
results on the WLP for arbitrary complete intersections in four variables
have been obtained recently by the authors together with Boij and
Miré-Roig, in work in progress.

(ii) It was conjectured by Reid, Roberts and Roitman [48] that the
answer to both parts of Question 3.1 is yes.

We have seen that conjecturally (and known in special cases), all
complete intersections have the WLP. Complete intersections are a
special case of Gorenstein algebras. Does the conjecture extend to
the Gorenstein case? That is,

Question 3.4. Do all graded artinian Gorenstein algebras have the
WLP? If not, what are classes of artinian Gorenstein algebras that do
have this property?

The answer to the first question is a resounding “no.” Indeed, Stanley
[52] in 1978 gave an example of an artinian Gorenstein algebra with
Hilbert function (1,13,12,13,1), which, because of non-unimodality,
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clearly does not have the WLP. Other examples of non-unimodality
for Gorenstein algebras were given by Bernstein and Iarrobino [3], by
Boij [4] and by Boij and Laksov [5]. Even among Gorenstein algebras
with unimodal Hilbert functions, WLP does not necessarily hold. For
instance, an example in codimension 4 was given by Tkeda [32] in 1996.

On the other hand, the problem in three variables is still wide open,
with only special cases known (see for instance [1, 45]):

Question 3.5. Does every artinian Gorenstein quotient of k[x,y, z]
have the WLP, provided char (k) = 0¢ What about the SLP?

Given the complete intersection result for three variables mentioned
above, this is a very natural and intriguing question.

In four variables, the result of Ikeda mentioned above shows that
WLP need not hold. Nevertheless, the main result of [43] shows that,
for small initial degree, the Hilbert functions are still precisely those of
Gorenstein algebras with the WLP. More precisely, it was shown that,
if the h-vector is (1,4, ho, hs, hy,...) and hy < 33, then this result
holds. More recently, using the same methods, Seo and Srinivasan [51]
extended this to hy = 34. Thus, the result holds for initial degree < 4.

Another interesting special case is the situation in which the gen-
erators of the ideal have small degree. We say that an algebra R/I
is presented by quadrics if the ideal I is generated by quadrics. Such
ideals occur naturally, for example, as homogeneous ideals of sufficiently
positive embeddings of smooth projective varieties ([23]) or as Stanley-
Reisner ideals of simplicial flag complexes ([55]). Gorenstein algebras
presented by quadrics are studied, for example, in [42]. There, the
following conjecture has been proposed.

Conjecture 3.6 [42]. Any artinian Gorenstein algebra presented by
quadrics, over a field k of characteristic zero, has the WLP.

The conjecture predicts, in particular, that if the socle degree is at
least 3 then the multiplication by a general linear form from degree one
to degree two is injective. Though this is established in some cases in
[42], even this special case of the conjecture is open.
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The analog of Question 3.4 is also of interest for rings of positive
dimension. If A is a Gorenstein ring of dimension d, then A is said to
have the WLP if a general artinian reduction of A has the WLP, that
is, if A/(L1,...,Lg) has the WLP, where Ly,...,Ls € A are general
forms of degree 1. Recall that the Stanley-Reisner ring of the boundary
complex of a convex polytope is a reduced Gorenstein ring. The so-
called g-theorem classifies their Hilbert functions. The necessity of the
conditions on the Hilbert function is a consequence of the following
result by Stanley.

Theorem 3.7 [54]. The Stanley-Reisner ring of the boundary com-
plex of a convex polytope over a field k has the SLP if char (k) = 0.

The so-called g-conjecture states that the above-mentioned conditions
on the Hilbert function characterize in fact the Hilbert functions of the
Stanley-Reisner rings of triangulations of spheres. Note that there are
many more such triangulations than boundary complexes of convex
polytopes. In this regard, the following question merits highlighting;:

Question 3.8. Does a general artinian reduction of a reduced,
arithmetically Gorenstein set of points in P™ have the WLP, provided
char (k) = 07

We point out that, if this question has an affirmative answer, then, by
the main result of [41], we have a classification of the Hilbert functions
of reduced, arithmetically Gorenstein schemes: their h-vectors are
precisely the SI-sequences, meaning that they are symmetric, with the
first half itself a differentiable O-sequence.

An affirmative answer to Question 3.8 would also imply the g-
conjecture, thus providing a characterization of the face vectors of
triangulations of a sphere. Moreover, the methods used to establish the
WLP could lead to information about the face vectors of triangulations
of other manifolds as well. In fact, Novik and Swartz [46, Theorem
1.4], show that a certain quotient of the Stanley-Reisner ring of any
orientable k-homology manifold without boundary is a Gorenstein ring.
Kalai conjectured that this Gorenstein ring has the SLP. If true, this
would establish new restrictions on the face vectors of these complexes.
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A special case of Kalai’s conjecture has been proved in Theorem 1.6 of
[46].

(28

&) is also

4. Monomial level algebras. Note that R/(z]',... =
a level artinian monomial algebra.

Question 4.1. Which (if any) level artinian monomial algebras fail
the WLP or SLP?

The first result in this direction is a positive one:

Theorem 4.2 (Hausel [29, Theorem 6.2]). Let A be a monomial
artinian level algebra of socle degree e. If the field k has characteristic
zero, then for a general linear form £, the induced multiplication

X/ Aj — Aj+1

is an injection, for all j =0,1,...,|(e —1)/2|. In particular, over any
field the sequence

Lhy =1, he —hiyo oo s hje—1)/2)41 — Pl(e—1)/2]

is an O-sequence, i.e., the “first half” of h is a differentiable O-
sequence.

Thus, roughly “half” the algebra does satisfy the WLP. What about
the second half? The first counterexample was due to Zanello ([57,
Example 7]), who showed that the WLP does not necessarily hold for
monomial level algebras even in three variables. His example had h-
vector (1,3,5,5). Subsequently, Brenner and Kaid (|11, Example 3.1])
produced an example of a level artinian monomial almost complete
intersection algebra that fails the WLP; this algebra has h-vector
(1,3,6,6,3) and, in particular, Cohen-Macaulay type 3. The study
of such almost complete intersections was continued by Migliore, Miré-
Roig and Nagel [39], and more recently by Cook and Nagel [18, 20|
(see also Section 7).

The Hilbert functions of the algebras considered in Question 4.1 are
of great interest in a number of areas. In fact, they are better known
under a different name.
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Definition 4.3. A pure O-sequence of type t in r variables is the
Hilbert function of a level artinian monomial algebra k[z1, ... ,x.|/I of
Cohen-Macaulay type t.

Question 4.4. We have already seen that level artinian monomial al-
gebras do not necessarily have the WLP. Nevertheless, are their Hilbert
functions unimodal? That is, are all pure O-sequences unimodal? If
not, can we find subfamilies, depending upon the type t and/or the
number of variables r, that are unimodal? And, if they are not neces-
sarily unimodal, “how non-unimodal” can they be?

Remark 4.5. 1f I is a monomial ideal in R = k[x1,... ,z,], then the
linear form ¢ = x1 + - - - + x,- is “general enough” to determine whether
R/I has the WLP or SLP. This observation has been extremely useful
in simplifying calculations to show the existence or failure of the WLP.
In [39, Proposition 2.2], this was stated for the WLP, but the same
proof also gives it for the SLP.

For the remainder of this section we will assume that k has character-
istic 0, unless explicitly mentioned otherwise. We have seen that, in one
or two variables, we always have the WLP (and even SLP). Turning to
the next case, the following seemingly simple result in fact has a very
intricate and long proof. It illustrates the subtlety of these problems.

Theorem 4.6 [8, Theorem 6.2]. A level artinian monomial algebra
of type 2 in three variables has the WLP.!

Of course, this has the following consequence.

Corollary 4.7. A pure O-sequence of type 2 in three variables is
unimodal.

The monograph [6] gave a careful study of families of level artinian
monomial algebras that fail the WLP. As a consequence, we have the
following conclusion.
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Theorem 4.8 [6]. If R = k[x1,...,x,] and R/I is a level artinian
monomial algebra of type t, then, for all r and t, examples exist where
the WLP fails, except if:

er =1 or2
o t =1 (this is Theorem 1.1);
o r =3, t =2 (this is Theorem 4.6).

In particular, the first case where WLP can fail is when r = 3 and
t = 3. This occurs, for instance, if I = (23,93, 23 2yz) (see [11,
Example 3.1]). Nevertheless, Boyle has shown that, despite the failure
of the WLP, all level artinian monomial algebras with » = 3 and ¢t = 3
have strictly unimodal Hilbert function (that is, in addition to being
unimodal, once the function decreases then it is strictly decreasing
from that point until it reaches zero):

Theorem 4.9 [9]. Any pure O-sequence of type 3 in three variables
1s strictly unimodal.

In more variables, the first case where the WLP can fail is when
r =4 and t = 2. Here again, Boyle has shown that, nevertheless, such
algebras have strictly unimodal Hilbert function:

Theorem 4.10 [10]. Any pure O-sequence of type 2 in four variables
18 strictly unimodal.

Since the WLP is not available in these cases, Boyle’s method is a
classification theorem followed by a decomposition of the ideals and a
careful analysis of sums of Hilbert functions of complete intersections.

However, there is no hope of such a result for all pure O-sequences,
even when r = 3:

Theorem 4.11 [8]. Let M be any positive integer, and fix an integer
r > 3. Then there exists a pure O-sequence in r variables which s
non-unimodal, having exactly M mazxima.
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In view of the last two results, we have the following natural question.

Question 4.12. What is the smallest socle degree and (separately)
the smallest socle type t for which non-unimodal pure O-sequences
exist? This is especially of interest when r = 3.

In [6], Boij and Zanello produced a non-unimodal example with r» = 3
and socle degree 12. In [8], for r = 3, we produced a non-unimodal
example for socle type t = 14. It was also shown that pure O-sequences
can fail unimodality if and only if the socle degree is at least 4 (but one
may need many variables for small socle degree).

It is also natural to ask how things change when you remove “mono-
mial” and ask about artinian level algebras. Some work in progress by
Boij, Migliore, Mir6-Roig, Nagel and Zanello indicates that the behav-
ior of such algebras from the point of view of the Hilbert function can
become surprisingly worse, in the sense that dramatic non-unimodality
is possible even in early degrees, which would violate Hausel’s theorem
(Theorem 4.2) for instance, in the monomial case.

5. Powers of linear forms. In this section we always assume
that k£ has characteristic zero. Note that z; is a linear form, and
that if Li,...,L, (n > r) are general linear forms, then, without
loss of generality, (by a change of variables) we can assume that
Ly=uz,...,L. =2x,.. Thus, Theorem 1.1 is also a result about ideals
generated by powers of linear forms. It says that, in k[zq,...,z.],
an ideal generated by powers of r general linear forms has the WLP
and the SLP. It also leads to an interesting connection to Froberg’s
conjecture, which we discuss in Section 6.

Question 5.1. Which ideals generated by powers of general linear
forms define algebras that fail the WLP or SLP?

We saw in Theorem 2.7 that all such ideals (and in fact all homoge-
neous ideals) in two variables satisfy both the WLP and the SLP. More
surprisingly, Schenck and Seceleanu showed a similar result in three
variables:
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Theorem 5.2 [51]. Let R = k[z,y,z|, where char(k) = 0. Let
I = (LY, ... ,L%) be any ideal generated by powers of linear forms.
Then R/I has the WLP.

A shorter proof of this result is given in [40]. One reason that it
is surprising is that the same is not true for SLP. For instance, if
I=(L3, L3 L3, L3) (where L; is general in k[z, y, 2]), then (x¢?) fails to
have maximal rank. The case of three variables acts as a bridge case: we
will see that, for four or more variables, even WLP fails very commonly.
Some recent work in this area was motivated by the following example
of Migliore, Mir6-Roig and Nagel:

Example 5.3 [39]. Let r = 4. Consider the ideal I = (zV, 22 2%,
xl, LN) for a general linear form L. By computation using CoCoA,
R/I fails the WLP, for N =3,...,12.

There are some natural questions arising from this example:

Problem 5.4. e Prove the failure of the WLP in Example 5.3 for
all N > 3.

e What happens for mized powers?

e What happens for almost complete intersections, that is, for r + 1
powers of general linear forms in r variables when r > 47

o What about more than r + 1 powers of general linear forms?

This example motivated two different projects at the same time:
by Migliore, Miré-Roig, Nagel [40] and by Harbourne, Schenck and
Seceleanu [26]. Both of these papers used the dictionary between ideals
of powers of general linear forms and ideals of fat points in projective
space, provided by the following important result of Emsalem and
[arrobino:

Theorem 5.5 [24]. Let
(LY, ..., L) C klz, ..., o]

be an ideal generated by powers of n linear forms. Let p1,...,pon be
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the ideals of the n points in P™~1 corresponding to the linear forms.
Then, for any integer j > max{a;},

n

dim x[R/(L{Y, ... ,L%)]; = dimy [pjl'—al—i-l A pjfanJrl] .
j

One important difference between the two papers is that [26] assumed
that the powers are uniform, and usually that the powers are “large
enough.” Usually they allow more than r» + 1 forms. On the other
hand, most of the results in [40] allow mixed powers. We quote some
of the results of these two papers. Together they form a nice start to an
interesting topic. The conjectures listed later indicate that more work
is to be done!

Theorem 5.6 [26]. Let
I= <L§7 . 7L1;L> C k[$1,£€2,£{,’3,$4],

with L; € Ry generic. If n € {5,6,7,8}, then the WLP fails, respec-
tively, for t > {3,27,140,704}.

Theorem 5.7 [26]. For
I= (LY, ..., L, ,\) CR=klz1,... zo]

with L; generic linear forms, k > 2 and t > 0, R/I fails the WLP.

(See also Theorem 5.10 below.) The following result gives the most
complete picture to date, about the case of four variables, when the
exponents are not assumed to be uniform and the ideal is assumed
to be an almost complete intersection (i.e. the number of minimal
generators is one more than the number of variables). It summarizes
several theorems in [40, Section 3], and we refer to that paper for the
more detailed individual statements.

Theorem 5.8 (Four variables, [40]). Let

I= (L, L3, L5°, Ly*, Le®) C R = k[x1, x2, 23, 24],
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where all L; are generic. Without loss of generality, assume that
a; <az <az<ay <as. Set

)\_{(a1+a2—|—a3+a4)/2—2 if a1 + as + az + a4 is even
(a1+a2+a3+a4—7)/2 if a1 + as + az + a4 is odd.

(a) If as > A, then R/I has the WLP.
(b) If ay = 2, then R/I has the WLP.

(¢) Most other cases (explicitly described in terms of a1, as, a3, ayq) are
proven to fail the WLP.

(d) For the few open cases, experimentally sometimes the WLP holds
and sometimes it does not.

Notice that the case where all the a; are equal and at least 3 is
contained in Theorem 5.6.

In more than four variables, it becomes progressively more difficult to
obtain results for mixed powers. We have the following partial result.

Theorem 5.9 (Five variables, almost uniform powers [40]). Assume
r=>5. Let Ly,...,Lg be general linear forms. Let e > 0 and

I= (L}, L3 14, LY LE Lite).

(a) If e =0, then R/I fails the WLP if and only if d > 3.

(b) If e > 1 and d is odd, then R/I has the WLP if and only if
e>(3d—5)/2

(¢) If e > 1 and d is even, then R/I has the WLP if and only if
e>(3d—8)/2

We also have the following improvement of Theorem 5.7, which has
the additional assumption that ¢ > 0.

Theorem 5.10 (Even number of variables, uniform powers [40]).
Let
I=(LY,... L%, ,1) CR=klz,...,xo)
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with L; generic linear forms and k > 2. Then R/I fails the WLP if
and only if t > 1.

(The case k = 2 is contained in Theorem 5.8.)

What about an odd number of variables? Here is a result for seven
variables:

Theorem 5.11 [40]. Let
I=(L%, ... L. Ckl[zxy,...,x7],

where Ly, ..., Lg are general linear forms.
o I[ft =2, then R/I has the WLP.
o Ift >4, then R/I fails the WLP.

Interestingly, for ¢t = 3, CoCoA [16] says that the WLP fails, but we
do not have a proof. We can believe a computer that says that the
WLP holds, but otherwise we have to be skeptical about whether its
choice of forms was “general enough.”

For these results, sometimes it was necessary to prove failure of
surjectivity (when h;—1 > h; in the relevant degrees), sometimes failure
of injectivity (when h;—1 < h;), and sometimes we had to show that
the WLP does hold. These present quite different challenges.

After making the translation to fat points, as described above, the
first difficulty is to determine the degrees where WLP fails. Then,
it is necessary to find the dimension of a linear system of surfaces
in a suitable projective space vanishing to prescribed multiplicity at
a general set of suitably many points. To do this, in [40], Cremona
transformations and works of Dumnicki (2009), Laface-Ugaglia (2006)
and De Volder-Laface (2007) were used as the main tools, plus ad hoc
methods. These Cremona transformation results are central to the
proofs in [40].

Much remains to be shown on this topic. Here are two conjectures
from [26, 40].
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Conjecture 5.12 [26]. For [ = (L',... L) C R = [z1,... , 2]
with L; € Ry generic and n >1r+ 1> 5, the WLP fails for all t > 0.

Conjecture 5.13 [40]. Let R = k[x1,... ,xon+1]. Let Ly, ..., Lopyo
be general linear forms and I = (L{,... LS, .1, L%, . ,).

e I[fn=3andd =3, then R/I fails the WLP. (This is the only open
case in Theorem 5.11.)

e [fn >4, then R/I fails the WLP if and only if d > 1.

These conjectures are supported by a great deal of computer evidence,
using CoCoA [16] and Macaulay?2 [25].

6. Connection between Froberg’s conjecture and the WLP.
In this section we continue to assume that our field has characteristic
zero. Closely related to the SLP is the so-called mazimal rank property
(MRP), which just replaces ¢¢ by a general form of degree d in
Definition 2.4. Nevertheless, it is known that the MRP does not
imply the SLP. See [38, 58] for some connections between these two
properties.

One way of stating Froberg’s conjecture is as follows.

Conjecture 6.1 (Froberg). Any ideal of general forms has the MRP.

More precisely, fir positive integers aq,...,as for some s > 1. Let
Fi,... ,Fs CR=k[z1,...,x.] be general forms of degrees a1, ... ,as,
respectively, and let I = (Fy,...,Fs). Then, for each i, 2 <1 <'s, and

for all t, the multiplication by F; on R/{(Fi,...,F;_1) has mazimal
rank, from degree t —a; to degree t. As a result, the Hilbert function of
R/I can be computed inductively.

This conjecture is known to be true in two variables. This follows,
for example, from Theorem 2.7. In three variables it was shown to
be true by Anick [2]. In this section, we explore the following natural
questions.

Question 6.2. What is the Hilbert function of an ideal generated by
powers of general linear forms of degrees a1, ... ,a,?7 In particular, is
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it the same as the Hilbert function predicted by Froberg? What, if any,
1s the connection to the WLP?

Theorem 1.1 says that, when n = r 4+ 1, the answer to the second
question is yes.

The fact that the answer is often “no” for n = r+2 was first observed
by Iarrobino [31]. Chandler [13, 14| also gave some results in this
direction. Concerning the connection to the WLP, the following result
of Migliore, Miré-Roig and Nagel gives a partial answer.

Proposition 6.3 [40]. (a) If Fréiberg’s conjecture is true for all ideals
generated by general forms in r variables, then all ideals generated by
general forms in r 4+ 1 variables have the WLP.

(b) Let R = k[x1,... ,xr4+1], let £ € R be a general linear form and let
S=R/{l) = kl[z1,...,x:]. Fix positive integers s,dy, ... ,ds,dsy1. Let
Li,Lo,... ,Ls,Lsy1 € R be linear forms. Denote by the restriction

from R to S = R/({). Make the following assumptions:
(i) The ideal I = (L{,. .., L%) has the WLP.

(ii) The multiplication Xfifﬂl : [S/1)j—a.,, — [S/I]; has mazimal
rank.

Then R/(L™,... L% has the WLP.

Remark 6.4. (a) Part of this result was in fact contained in the paper
[38] of Migliore and Miré-Roig. It was used there to show that any ideal
of general forms in k[z1, x2, x3, x4] satisfies the WLP, because Anick [2]
had shown much earlier that any ideal of general forms in k[z1, z2, z3]
satisfies Froberg’s conjecture.

(b) It was shown in [40] that this result also leads to a short proof
of Theorem 5.2. The point is that the restriction of such ideals
corresponds to an ideal in k[z,y], and in characteristic zero all such
ideals have the SLP by Theorem 2.7.

The following corollary was also shown in [40]:

Corollary 6.5 [40]. Assume the characteristic is zero. Let R =
klx1,...,zr41], let £ € R be a general linear form and let S =
R/{¢) = k[z1,...,x.|. For integers di,... ,dry2, if an ideal of the
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form <L‘111,... ,Lff;) C R of powers of general linear forms fails
to have the WLP, then an ideal of powers of general linear forms
<fil17... ,fif;) C S fails to have the Hilbert function predicted by
Froberg’s conjecture.

Thus, the results in the previous section give additional insight to
the observations of Iarrobino [31] and Chandler [13, 14| that, when
n = r + 2, there are many cases when an ideal of powers of general
linear forms does not have the same Hilbert function as that predicted
by Froberg for general forms. Since Theorem 5.8 covers almost all
possible choices of exponents, it gives a much more complete answer
to the question of exactly which powers of five general linear forms
in three variables fail to have the Froberg-predicted Hilbert function,
contrasting with the result of Anick which says that an ideal of general
forms of any fixed degrees in three variables does have the predicted
Hilbert function. Theorems 5.9 and 5.10 provide new partial answers
(via Corollary 6.5) in the case of more variables.

Example 6.6. Let R = k[xy,x2,23,24|. Let Ly, Lo, L3, Ly, L5
and ¢ be general linear forms. Let S = R/(L) = klx,y,z]. Let
I=(L3,L3 L3, L3, L) (the smallest case in Example 5.3 above). The
Hilbert function of R/I is (1,4,10,15,15,6). We have

[R/I); =5 [R/I]4 — [R/(I,0)]s — 0.

We saw that WLP fails, and in fact
dim [R/(1,0)]4 = 1.

Notice that R/(I,¢) = S/J, where J is the ideal of cubes of five general
linear forms in k[z,y, z]. Thus, dim [S/J]y = 1.
On the other hand, let K be the ideal of five general cubics in S.

Froberg predicts (and Anick proves) that dim[S/K]4s = 0. Thus, J
does not have the Hilbert function predicted by Froberg.

In fact, whenever we prove that an ideal of n powers of general linear
forms fails the WLP (for specified exponents), then for some subset
of these powers of general linear forms, the same number and powers
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of general linear forms in one fewer variable fails to have Froberg’s
predicted Hilbert function.

7. Positive characteristics and enumerations. Considering
Theorem 1.1 again, we saw in Lemma 2.8 that the assumption on the
characteristic of the base field cannot be omitted.

Question 7.1. What happens in Theorem 1.1 if we allow the
characteristic to be positive?

Actually, investigating the dependence of the WLP on the character-
istic makes sense whenever the ideal can be defined over the integers.
This applies to all monomial ideals. In fact, in this case one has the
following result.

Proposition 7.2 [20, Lemma 2.6]. Let I C R be a monomial ideal. If
R/I has the WLP when char (k) = 0, then R/I has the WLP whenever
char (k) is sufficiently large.

The proof is based on two observations that have their origin in
[39]. For a monomial ideal, one can check the WLP by considering
the specific linear form ¢ = z; 4+ --- 4+ x,.. Thus, the maximal rank
property of the multiplications by ¢ is governed by integer matrices.
Their determinants have only finitely many prime divisors if they do
not vanish.

It also follows that R/I fails the WLP in every positive characteristic
if it fails the WLP in characteristic zero.

Proposition 7.2 motivates the following problem.

Question 7.3. Let I C R be a monomial ideal such that R/I
has the WLP when char (k) = 0. What are the (finitely many) field
characteristics such that R/1 fails the WLP?

This turns out to be a rather subtle problem. It was first considered
in [39] in the case of a certain almost complete intersection in three
variables. Recall that a monomial almost complete intersection in three
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variables is an ideal of the form
(7.1) I=1upcap~y= (x“,yb, zc,mo‘yﬂz7>.

If the syzygy bundle of [ is not semi-stable or its first Chern class is
not divisible by three, then R/I has the WLP in characteristic zero
(see [11, 39]). However, if the syzygy bundle satisfies both conditions,
then deciding the WLP is more difficult and very subtle on the one
side. On the other side, the investigations in this case have brought to
light surprising connections to combinatorial problems.

In fact, if the syzygy bundle of I is semi-stable and its first Chern
class is divisible by three, then R/I has the WLP if and only if the
multiplication by ¢ in a certain degree is an isomorphism or, equiva-
lently, a certain integer square matrix has a non-vanishing determinant.
This has first been observed in the special case, where R/I is level, in
[39] and then for arbitrary almost complete intersections in [20]. The
first connection to combinatorics was made by Cook and Nagel in [18,
Section 4]. There it was observed that the determinant deciding the
WLP for certain families of monomial almost complete intersections
is the number of lozenge tilings of some hexagon, which is given by a
formula of MacMahon. Lozenge tilings of a hexagon are in bijection
to other well-studied combinatorial objects such as, for example, plane
partitions and families of non-intersecting lattice paths.

Independently of [18], but subsequent to it, Li and Zanello studied
the WLP in the case of the complete intersections R/{x?,y®, 2¢) in [35],
and they also related MacMahon’s numbers of plane partitions to the
failure of the WLP:

Theorem 7.4 [35]. For any given positive integers a, b, ¢, the number
of plane partitions contained inside an a X b X ¢ box is divisible by a
prime p if and only if the algebra kl[z,y, z]/{x2T° yote 2+¢) fails to
have the WLP when char (k) = p.

(This connection is already implicitly contained in [18], although it
was only made explicit in the proof of Corollary 6.5 in [20].) Next,
Chen, Guo, Jin and Liu [15], explained bijectively the result by Li
and Zanello for complete intersections. Both [18, 35| have been
substantially extended in [20]. Here the bijective approach of [15]
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was extended to almost complete intersections, and further relations
between the presence of the WLP and difficult counting problems in
combinatorics have been given. In the remainder of this section, we
give an overview of some of the results of [20] which illustrate this
fascinating connection.

We focus on the most difficult case, in which the presence of the
WLP is a priori not even known in characteristic zero, that is, we
assume that the syzygy bundle of the almost complete intersection
I = Iipeapy = (x, 9P, 2¢, 2%yP27) is semi-stable in characteristic
zero and its first Chern class is divisible by three. By [20, Proposition
3.3], this is exactly true if and only if the following conditions are all
satisfied:

(i)s:==(a+b+c+a+pB+~)/3—2is an integer,

(i) 0 < M,

(i) 0 < A< B+,

(iv) 0 < B<a+1, and

(v) 0<C <a+p,

where

A:=s54+2—a,
B:=s54+2-0,
C:=s54+2—c¢, and
M:=s+2—(a+5+7).

The above conditions have a geometric meaning. In fact, due to The-
orem 4.1 in [20], they guarantee that I can be related to a hexagonal re-
gion with a hole, which is called the punctured hexagon H = Hy p c.0. 8,y
associated to I = I, p.c.a,8,4 (see Figure 1).

There are two square matrices that govern the WLP of the ideal I.

In fact, I has the WLP if and only if the multiplication [R/I]s x4
[R/I]s+1 is bijective or, equivalently, [R/(I,¢)]s+1 = 0. The latter
condition means that a certain (C' + M) x (C + M) matrix, N =
Nabc,a,8,v, With binomial coefficients as entries is regular. The above
multiplication map can be described by a much larger zero-one square
matrix, Z = Z, p,c,a,8,v- Lhe above-mentioned equivalence implies that
the determinants of N and Z have the same prime divisors. However,
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A+ M

FIGURE 1. Punctured hexagon H p ¢ «,3,~ (shadowed) associated to I, p ¢ a,3,~-

much more is true. Both determinants have the same absolute value,
which has combinatorial interpretations.

Theorem 7.5 [20, Theorems 4.4, 4.6 and 5.4]. Adopt the above
assumptions. Then the following conditions are equivalent:

(@) Iap.c,a,8,y has the WLP if the characteristic of the base field k is
p = 0.

(b) p does not divide the enumeration |det Nop a5~ of signed
lozenge tilings of the associated punctured hexagon Hyp c o8-

(c) p does not divide the enumeration |det Zq p.c.a.,~| of signed perfect
matchings of the bipartite graph associated to Hy pc.0,8,-

In particular, |det Nopc,a.8,4 = |det Zab.c.a.8,~]-

A lozenge is a rhombus with unit side-lengths and angles of 60° and
120°. Lozenges have also been called calissons and diamonds in the
literature. A perfect matching of a graph is a set of pairwise non-
adjacent edges such that each vertex of the graph is matched. We refer
to [20] for more details, in particular for assigning the signs, although
Figure 2 indicates an associated lozenge tiling and a perfect matching.

Theorem 7.5 has been used to establish the WLP of I, ¢ a5, in
many new cases. The results also lend further evidence to a conjectured
characterization of the presence of the WLP of I, .5, in case
Iob.c,a,8, 18 level that has been proposed in [39].
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FIGURE 2. A lozenge tiling and its associated perfect matching.

The determinants occurring in Theorem 7.5 can be rather big.

Example 7.6. Consider the ideal
I = (x4, g2 225 20,13),

Then the absolute value of the corresponding determinants is (see [18,
Remark 4.8])

2.3%2.5%.11*.13°.19.23%.29.5011.

Hence, R/I fails the WLP if and only if the characteristic of k is any
of the nine listed prime divisors.

In the situation of Theorem 7.5, the presence of the WLP in charac-
teristic zero can also be read off from the splitting type of the syzygy
bundle. In fact, I4p.c.a,5, has the WLP if and only if its syzygy bundle
has splitting type (s +2,s+ 2, s + 2) (see [20, Theorem 9.9]).

In [20], explicit formulae for the enumerations appearing in Theo-
rem 7.5 are derived in various cases. However, even then determining
the prime divisors of the enumerations can be challenging. In fact, this
problem is open even in the special case of monomial complete inter-
sections, though, recently, there has been progress in the case where
the generators all have the same degree. Brenner and Kaid [12] gave
an explicit description of when R/(z?,y?, z¢) has the WLP in terms of
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d and the characteristic p. In particular, they proved a conjecture of
[35] for the case p = 2. This latter result is stated very concisely:

Theorem 7.7 [12]. The algebra k[z,vy, z]/(z%,y¢, 2?) has the WLP
in char (k) = 2 if and only if d = [ (2™ + 1) /3] for some positive integer
n.

The approach of [12] was via a theorem of Han computing the syzygy
gap for an ideal of the form (z¢,y?, (x + y)?) in k[z,y]. The analogous
result in the case of more variables, that is, for I = (z{,... ,z) (n > 4),
has been obtained by Kustin and Vraciu in [34]. Independently, Cook
made progress in deciding the Lefschetz properties of more general
monomial complete intersections in positive characteristic (see [17]),
addressing Question 7.1 (see also [36, Lemma 5.2], for a result in two

variables).

In a different direction, Kustin, Rahmati and Vraciu [33] showed that
A = R/{(z% y? 2%) has the WLP in characteristic p # 2 if and only if
its residue field has finite projective dimension as an A-module.
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ENDNOTES

1. A simpler proof of this result has recently been given in [21].

Note added in proof. In the time since this paper was submitted,
several important advances have been made in the study of the WLP
which we have not been able to describe in this survey. Among these
we single out [7, 21, 22, 37].
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Abstract

LetA = @i>0 A; be a standard graded Artinidf-algebra, where cha = 0. ThenA has the
Weak Lefschetz property if there is an eleméwif degree 1 such that the multiplicatiot? : A; —

A;+1 has maximal rank, for everyy andA has the Strong Lefschetz propertysif< : A = Ajyg
has maximal rank for everiyandd. The main results obtained in this paper are the following.

(1) Every height-three complete intersection has the Weak Lefschetz property. (Our method,
surprisingly, uses rank-two vector bundles®hand the Grauert—Miilich theorem.)

(2) We give a complete characterization (including a concrete construction) of the Hilbert functions
that can occur foK -algebras with the Weak or Strong Lefschetz property (and the characterization
is the same one!).

(3) We give a sharp bound on the graded Betti numbers (achieved by our construction) of Artinian
K -algebras with the Weak or Strong Lefschetz property and fixed Hilbert function. This bound is
again the same for both properties! Some Hilbert functions in fiarce the algebra to have the
maximal Betti numbers. (&veryArtinian ideal inK [x, y] possesses the Strong Lefschetz property.
This is false in higher codimension.
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1. Introduction

Let A be a graded Artinian algebra over some figldwhich we will restrict shortly).
Then A has theWeak Lefschetz propergometimes called the Weak Stanley property) if
there is an elemergtof degree 1 such that the multiplicatiot? : A; — A;+1 has maximal
rank, for everyi. We say thatd has theStrong Lefschetz properifithere is an element of
degree 1 such that the multiplicatiort? : A; — A; ¢ has maximal rank for evenryandd.

If A= R/I, whereR is a polynomial ring and is a homogeneous ideal, then sometimes

we will abuse notation and refer to the Weak or Strong Lefschetz propertidsrédher

than forA. These are both fundamental properties and have been studied by many authors,
especially whem is Gorenstein (e.g., [4,13,15,16,19,24,26-28)).

Throughout this paper, unless specified otherwise, we assume that we work over a field
of characteristic zero. This paper began with a study of the Weak Lefschetz property for
complete intersections of height three, and grew to a study of Artinian ideals of arbitrary
codimension. Our original interest in the subject was to try to get a handle on “how
many” Artinian complete intersections possess this natural property. However, a further
motivation comes from the fact that this property can be translated into (at least) two other
natural questions.

First, suppose tha¥y, Fo,..., F, is a homogeneous complete intersection in the
n-dimensional polynomial ringR. Then the minimal free resolution of the ideal
(F1, ..., F,) is well understood; namely it is obtained as the Koszul complex. However,
the graded Betti numbers of the minimal free resolution of the it€gl. . ., F,,, L), where
L is a generic linear form, does not seem to be well understood. For example, should they
be all the same, depending only on the degrees of the generators and not on the generators
themselves, as long as they are a regular sequence of given degrees plus a generic element?
(We could also ask the same question£8rin the place forL.) The connection between
the Weak Lefschetz property and this question is discussed in the last part of Section 2, and
we give a complete answer (Corollary 2.7) whesa 3.

One other problem concerns the generic initial ideal(Binof a complete intersec-
tion I, i.e., the initial ideal ofl with respect to generic variables (cf., for instance, [9]).

It is well known that giri/) is Borel-fixed. But if/ is a complete intersection and if we

fix a monomial order, is the Borel-fixed ideal gih unique? Or are there two complete
intersectiond andJ such that gin/) and ginJ) are different Borel-fixed ideals with the
same Hilbert function? These questions seem to be open since(if) gmunique with
respect to the reverse lex order then it would imply the Strong Lefschetz property of all
complete intersections of those degrees. Since a Borel-fixed ideal is unique in codimen-
sion two (for a fixed Hilbert function), the Strong Lefschetz property can be proved in this
case (Proposition 4.4).

It should also be mentioned that Stanley and others have made deep connections
between the Weak and Strong Lefschetz properties and questions in combinatorics [24,
25]. For example, the Weak Lefschetz property was the crucial ingredient in Stanley’s part
of the characterization of thg-vectors of simplicial polytopes. Thus, we are exploring in
this paper also the restrictions on the possible Hilbert functions and graded Betti numbers
imposed by the presence of the Weak or Strong Lefschetz property.
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It was noticed by Stanley [25] and independently by the fourth author [27] that any
monomial complete intersection (in any number of variables) has the Strong Lefschetz
property, and the fourth author proved that in any codimension, “most” Artinian Gorenstein
rings with fixed socle degree possess the Strong Lefschetz property [27, Example 3.9]. We
remark (following [15]) that Stanley’s proof used the idea of recognizing R/I as the
cohomology ring of a producX of projective spaces, and then using the hard Lefschetz
theorem for the algebraic variety. The fourth author noticed that it follows from the
representation theory of the Lie algelsié?).

Yet even in codimension 3, we do not have a clear idea of which Artinian Gorenstein
rings possess this property, and in particular whether all of them do. The (apparently)
simplest situation is for height-3 complete intersection®ia- K[x1, x2, x3]. Until now
the most general result for this case is again due to the fourth author. Suppose that the
generators of the complete intersectibrhave degrees Z d1 < d2 < d3. Then it was
proved in [28] that ifd3 > d1 + d> — 2 thenR/I has the Weak Lefschetz property. But for
arbitrary complete intersections, even the case of three polynomials of degree 4 had been
open.

The first main result of this paper (Theorem 2.3) is tladit Artinian complete
intersections irK [x1, x2, x3] have the Weak Lefschetz property. Itis a somewhat surprising
result. Indeed, it was known to be a very difficult problem among the experts, and at times
it seemed more natural to seek a counter-example rather than to try to prove it! We are able
to give a relatively simple proof by translating the problem to one of vector bundI&$ on
and invoking a deep theorem due to Grauert and Milich.

This part of the paper was inspired by [28], but as mentioned earlier, our techniques
are completely different from those of the papers cited above. Because we apply the
Grauert—Milich theorem, we are forced to assume characteristic zero (as indeed was done
in [28]). In fact, the Weak Lefschetz property does not hold for all complete intersections
in characteristigp; see Remark 2.9.

As a further illustration of the power of our approach, we give a simple proof
(Corollary 2.5) of the main result of [28].

In the third section of the paper we do not assume thatkhal0. We consider graded
Artinian K -algebras which are not necessarily complete intersections. Here we produce
(Construction 3.4) a particular graded Artinighalgebra, which allows us to give a
necessary and sufficient condition for a sequence of integers to be the Hilbert function
of a graded Artiniank -algebra with the Weak Lefschetz property (Proposition 3.5). We
also answer several natural questions about the minimal free resolutions of algebras with
the Weak Lefschetz property.

Our second main result (Theorem 3.20) shows that if we fix an allowable Hilbert
function then there is a sharp upper bound on the graded Betti numbers &valggbras
having the Weak Lefschetz property. Indeed, this bound is achieved by the algebra
produced by Construction 3.4, once we refine the construction slightly. This result is
analogous to the main result of [19], which proved it for Gorenstein ideals with the Weak
Lefschetz property (see also [11]). As a corollary we show that there are Hilbert functions
which occur fork -algebras with the Weak Lefschetz property and for which this property
forces the graded Betti numbers to be the maximal ones.
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In Section 4 we again assume cltae= 0. We consider the Strong Lefschetz property,
namely that there exists a linear forih such that for eachd, the multiplication
x0? : A; - Ai+q has maximal rank, for every. This condition implies the Weak
Lefschetz property, but is not equivalent to it in general. We show that these conditions
are both automatic in codimension two, however.

Since there are algebras with the Weak Lefschetz property but not the Strong Lefschetz
property, one might guess that the imposition of the Strong Lefschetz property reduces
the number of possible Hilbert functions. However, we are able to show that with another
slight refinement of Construction 3.4, that algebra has the Strong Lefschetz property. This
yields the surprising result that a Hilbert function occurs among algebras with the Weak
Lefschetz property if and only if it occurs among algebras with the Strong Lefschetz
property. Furthermore, the extremal graded Betti numbers for algebras with the Weak
Lefschetz property also occur among algebras with the Strong Lefschetz property.

Our results have some consequences for the punctual Hilbert scheme. Since by
semicontinuity the Weak and Strong Lefschetz properties are open properties, it follows
that the general point of a component has the Strong (respectively Weak) Lefschetz
property if and only if the component has one point with the Strong (respectively Weak)
Lefschetz property. Moreover, we know precisely the possible Hilbert functions of the
K -algebras corresponding to such a general point.

2. The Weak Lefschetz Property for height-three complete inter sections

Let R = K[x1, x2, x3], whereK is a field of characteristic zero. Initially we will assume
thatK is algebraically closed, in order to freely use the results of [23]. However, we note
in Corollary 2.4 and beyond that our results hold without that assumption.

Let I be a complete intersection ideal & generated by homogeneous elements
F1, F», F3 € R of degreesds, d2, d3 respectively, andly < d2 < d3. The minimal free
resolution forR/I has the form

[F1,F2,F3]
0— R(—d1—dyr—d3) — [ F1 R—R/I -0

S E 7 2.1)
/ \
0 0

whereFs = R(—dz — d3) ® R(—d1 — d3) ® R(—d1 — d2) andF1 = R(—d1) ® R(—d>) ®
R(—d3). Sheafifying, we get the following two exact sequences:

[F1,F2,F3]
0—=&—=F———>0p2—0 (2.2)

and

0—> Opz(—d1 — do — d3) —> Fo —> £ —> 0, (2.3)
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wheref is locally free (since is Artinian) of rank two, 71 = Op2(—d1) & Op2(—d2) &
Op2(—d3) and F2 = Op2(—d2 — d3) @ Op2(—d1 — d3) ® Op2(—d1 — d2).

We would like a condition which force$ to be semistable. We first consider the case
wheredi + d2 + ds is even. Choose an integérso that 2 = d; + d» + dz. Notice
thatc1(£) = —d1 — d2 — d3 = —2d, so the normalized bundl&,orm is £(d) (an easy
computation, or see, for instance, [23, p. 165]). Twisting the sequence (28)-ty we
obtain

OPZ(_d + dl - l)
@
0— OPZ(—d — l) — OPZ(_d + dz — l) —> gnorm(—l) — 0. (24)
D
OPZ(—d + dS - l)

We now consider the case whete+ do + d3 is odd. Choosd sothat 2 =d; + d> +
d3 — 1. Then agairthorm = £(d) (again see [23, p. 165]). Now we have the short exact
sequence

Op2(—d +d1 — 1)
@
0—> Opz(—d — 1) —> Opa(—d +dz — 1) —> Enorm— O. (2.5)
@
Opz(—d + d3 - 1)

Lemma 2.1. Let £ be the rank-two locally free sheaf obtained above as the kernel of the
map|Fi, F2, F3].

(1) Assumely + d2 + d3 is even. lid3 < d1 + d2 + 2 then& is semistable.
(2) Assumels + d2 + ds is odd. Ifds < d1 + d> + 1 then& is semistable.

Proof. Whenci(€) is even andE has rank two, we know from [23, Lemma 1.2.5] tigat
is semistable if and only iHO(P", Enorm(—1)) =0 (since it has rank two). Whan (£) is
odd and€ has rank two, stability and semistability coincide [23, p. 166] and the condition
for semistability isH (P2, Enorm) = 0.

The two sequences (2.4) and (2.5) are exact on global sections. Hence semistability
follows in either case if we haved + d3 — 1 < 0 (whered changes slightly depending on
the parity ofd1 + d> + d3). The lemma then follows from a simple computatiom

Let » = P! be a general line itP2. Recall that every vector bundle @ splits, so in
particular€|], = Opi(e1) @ Opi(e2). The pair(ey, e2) is called thesplitting typeof £.

Corollary 2.2. Let £ be the locally free sheaf obtained above, and assumedhat
d1 + dz + 1. Then the splitting type & is

(=d, —d) if di + d + d3 = 2d,

(el"’Z):{(—d,—d—l) if dy+do+d3 — 1=2d.
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Proof. By Lemma 2.1¢ is semistable. The theorem of Grauert and Milich ([23, p. 206],
[8, p. 68]) says that in characteristic zero the splitting type of a semistable normalized
2-bundle&norm overP” is

_ 0,0 if c1(Enorm) = 0;
(e1,€2) = { 0, —1) if c1(Enorm) = —1.

In our case€norm= £(d), so a simple calculation gives the resulta

With this preparation, we now prove the main result of the paper. We continue to assume
thatK is algebraically closed of characteristic zero.

Theorem 2.3. Every height-three Artinian complete intersection has the Weak Lefschetz
property.

Proof. It was shown in [28, Corollary 3] that 3 > d1 + d2 — 3 thenR /I has the Weak
Lefschetz property. So without loss of generality assumedfiatdi + d> — 3. Note that
then Corollary 2.2 applies. To prove the Weak Lefschetz property it is enough to prove
injectivity in the “first half,” so we will focus on this.

Let L be a general linear form and I&= R/L. We denote byF the restriction of a
polynomial F to R and byF; the freeR-moduleR(—d1) @ R(—d2) ® R(—ds). Consider
the multiplication induced by.. From (2.1) we obtain a commutative diagram

0 0
¢ [F1 F2 F3] \L
0— E(-1) - Fi(-1) ——— R(-1) = R/I(-1) — 0
| M \L(XL) <)
[F1 F2 F3]
0 E Fq R R/I 0 (2.6)

_¢ [F1 Fp F3] %
F{ ——— R
|
0

0
whereM is the matrix
L 0 O
[o L o]
0 0 L

Note that the first vertical exact sequence is the direct sum of three copies of the exact
sequence

O—>R(—1)X—L>R—>I_€—>0
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twisted by—d1, —d>, and—ds, respectively. The induced map on the kerngle-1) — E,
is just multiplication byL.

Let A be the line inP? defined byL. Invoking the Snake Lemma and using the fact that
the sheafification oR /I is 0, the sheafified version of (2.6) is

0 0 0
\L \L [F1 F2 F3] \L

0—=&(-1) = FA(-1) ————— Op(-D) —0
\L(XL) \LM | xp)

[F1 F2 F3]

0 £ F1 Opz 0. 2.7)
¢ _¢ [Fy Fp F3l ¢

0—= E&lx 7 t2E Lo, 0
0 0 0

By Corollary 2.2,
= Os(—d)?, if di+dy+dz=2d,
T O DO (—d —1), fdi+do+dz—1=2d.

Let I be the ideal(F1, F», F3) in R. Taking global sections on the last line of (2.7)
gives

2
0— @E(—eﬂ—)ﬁl—) I—0
i=1

wherele; — e2| = 0 or 1 according to whetheh + d2 + d3 is even or odd, respectively. It
was observed in [28, Remark on p. 3165] that this implies &ydthas the Weak Lefschetz
property. However, for completeness we will sketch the argument. We will treat only the
cased; + d2 + d3 even, leaving the other case to the reader.

We have the exact sequence

R(~dy)
o) _
—= 2 — [F1 F2 F3]_
0— R(=d)*— R(=d2) —— ] =0 (2.8)
o
R(—d3)

whered = (d1 + d2 + d3) /2.
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As noted earlier, we only have to show that multiplication/bis injective on the “first
half” of R/I. The socle degree at/I is d1 + d> + d3 — 3, sO we have to show that the
multiplication

(R/D; =55 (R/Djaa

is injective forj < (d1+dz +d3)/2—2=d — 2. We will show it to be true foj =d — 2,
and from the form of the proof it will be clear that it holds also for smajler

The kernelof x L) is[I :g L], soif(x L) is notinjective we have an elemefite R;_»,
F ¢ I,suchthall F € I;_1. Thatis, we have forma;, 1<i < 3,withdegd; =d —1—d;
and

LF — A1F1 — AsF> — A3F3=0.
Restricting this syzygy t® gives
A1F1+4 AoFo + A3F3=0.

But (2.8) says that the smallest possible syzygies come from polynomials of degrée
1<i <3, so this is a contradiction. As noted, this works equally well to prove injectivity
forall j<d—-2. O

Corollary 2.4. Let K be afield of characteristic zero which is not necessarily algebraically
closed. Then every height-three Artinian complete intersectioki [ity, x2, x3] has the
Weak Lefschetz property.

Proof. The Weak Lefschetz property for a graded ArtinikiralgebraA is equivalent to
the statement that for a general linear foémthe Hilbert function ofA/¢A is just the
positive part of the first difference of the Hilbert function &f But this does not change
under extension of the base field, so the result follows from Theorem 2.3.

Using the same methods, we can also give a new proof of the main result of [28]. As
above, we can assume thkitis algebraically closed initially, but the rest of the results of
this section do not need this assumption.

Corollary 2.5. Let R = K[x1,x2,x3], I = (Fy, F2, F3) a completg intersection iR,
d; = degF; fori =1,2,3, L a general linear formR = R/LR,andl = (I + LR)/LR.
Then the following are equivalent

(i) w(I) =3, wherey is the minimal number of generators
(i) ds<di+dr—2.

Proof. For completeness we repeat the proof from [28] of the fact that (i) implies (ii). Since
L is general F1, F», andL are regular sequences, and the socle degré&/ @fy, F», L)
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is d1 + do — 2. If (ii) is not true thenFz is contained in the idealFy, F», L), S0 F3 is
contained in((F1, F2) + LR)/LR, contradicting (i).

The hard part of the proofis the converse, which we prove using our approach. We have
from Corollary 2.2 that the splitting type ¢fis

(e1. e2) = (—d,—d) if di+do+ds3=2d;
L= (—d,—d—1) fdi+dr+ds—1=2d.
With this definition ofd, a simple calculation gives that

Ifdiseventhen di3<d <& diz<di+do;
Ifdisoddthen d3<d <& d3<di+do—1

So in either case, if (i) holds thefy < d. But the splitting type gives exactly the leftmost
free module in the short exact sequence (2.8), and the facuthatd means that no
splitting can occur in the resolution.c

We now apply these ideas to the question of minimal free resolutions. In particular,
supposd = (Fy, F2, F3) is a complete intersection iR = K[x1, x2, x3] andF is a general
form of degreel. What can be the possible minimal free resolutions of the idgat)?
Does it depend only on the degrees of the generatork, of does the choice of the
complete intersection itself play a role? We can answer this question Wheas degree 1,
which in any case was an open question. To be consistent with notation, welwiite
this general linear polynomial. We begin with a lemma.

Lemma 2.6. Let I C R = K[x1, x2, x3] be an Artinian ideal. Then there exists a Cohen—
Macaulay height-two ideal C R such that/ + (L) =1 + (L). J can even be taken to be
reduced.

Proof. Let I = (F1,..., Fr). We know thatl + (L)/(L) = (F1, ..., Fy) is Artinian in

R = R/(L), hence Cohen—-Macaulay of height 2. After a change of coordinates, we can
assume thal = x3, hence we obtain polynomials, ..., Gy € K[x1, x2] by canceling

all monomials inF1, ..., F; which are a multiple ofs. Then viewing these polynomials

in R gives the first result. This ideal is not reduced, however. But it has a Hilbert—-Burch
matrix, whose entries are all polynomialsif, x». Using standard lifting techniques, one
can obtain a reduced schenjewith the desired property. (A more geometric use of this
trick may be foundin [6].) O

Note that the preceding lemma trivially implies that all the graded Betti numbers (over
R/(L)) of the reduction of/ modulo L are the same as those of the reduction/ of
modulo L. However, in general we are not able to say what these Betti numbers are, or
what the Betti numbers of the idebk- (L) are (overR), or even what the Hilbert function
is. Nevertheless, in the case of complete intersections we can say something much stronger,
thanks to our results above.
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Corollary 2.7. Let I = (F1, F2, F3) C R be a complete intersection. Then there is
a (reduced arithmetically Cohen—Macaulay ideal = (G1, G2, G3) C R such that
degG; =degF; =d; fori =1,2,3and such that/ + (L) = I + (L). Furthermore

(a) If d3 < d1+d2 —2thenJ is an almost complete intersection with minimal generators
given by theG;. Letd be defined by

di+dy+d3=2d if di +d2+dsis even
di+do+d3—1=2d ifdi+do+dsisodd.

If d1 + d2 + d3 is even then the minimal free resolution®f(I + (L)) is given by

R(—d1-1) R(-1)
® &
R(—d2-1) R(—d1)
0—> R(—d —1)? — ) —> @® —R— R/(I+(L))—>0.
R(-d3—1) R(—d?)
® ®
R(—d)? R(—ds)

(The case wheré; + d2 + ds is odd is analogou}.

(b) If d3 > d1+ do — 2 thenJ = (G1, G») is a complete intersection. In this case the
minimal free resolution oR /(I + (L)) is given by

R(—d1—-1) R(-1)

® @
0— R(—di—do— 1) —> R(—do—1) —> R(—d1) — R —> R/(I + (L)) — 0.
® @

R(—d1 —d2) R(—d2)

Proof. The first part of the corollary is immediate from Lemma 2.6.

For both (a) and (b) we know th&af + (L)) = (J + (L)) whereJ is arithmetically
Cohen—Macaulay of depth 1. Henk¢(I + (L)) has the same resolution &83(J + (L)),
either overR or overR/(L).

Consider (a). We know from Corollary 2.5 tHdt+ (L)]/(L) = [J + (L)]/(L) C R/(L)
is an almost complete intersection, so the same is trug¢ afR since deptiR/J = 1.
Suppose thad; + d2 + d3 is even (the case where it is odd is completely analogous). We

have a minimal free resolution (ov&r/(L)) for R/(J + (L)) given in Theorem 2.3, so we
thus have a minimal free resolution ovRifor R/J given by

R(—d1)
®
0—> R(—d)?> —> R(—d2) — R —> R/J —> 0.
®
R(—d3)
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Then the desired minimal free resolution ®y¢(J + (L)) (and henceR /(I + (L))) is given
by the tensor product of this resolution with the resolution

0—> R(-1) — R—> R/(L) — O.
The proof of (b) is trivial O

Remark 2.8.1tis possible that similar techniques can be used to prove the Strong Lefschetz

property for height-three complete intersections (see Definition 4.1), or to attack either

the Weak or Strong Lefschetz properties for Artinian complete intersections in higher-

dimensional rings. However, a more subtle proof will be needed, as simple examples show

that thedegreef the syzygies will not be enough to obtain a contradiction.
Neverthelesswe conjecture that every Artinian complete intersectioiKifxo, x1, x2]

has the Strong Lefschetz property

Remark 2.9. What happens in characterisp@ We first note that we cannot expect a result
as strong as the one given in Theorem 2.3. Indeed, fetK [x1, x2, x3]/(x?, x3, x3) where

K has characteristic 2. Lgt= ax1+bx2+ cx3 be a general linear form. Then A1 — Az

is not injective; indeedyg is itself in the kernel! A similar observation can be made for
A = K[x1, x2,x3]/(x}, x5, x3), etc.

The main problem here is that the Grauert—Milich theorem does not hold in
characteristigp. There are weaker versions: a theorem of Ein [8, Theorem 4.1] bounds the
splitting type of€ by a function ofc2(€). However, as we saw in the proof of Theorem 2.3,
we need the full strength of Grauert—Mdilich in order to prove our result. In the highest
degree (at the “middle” of thie-vector), the contradiction from the degrees of the syzygies
would not have occurred if this degree had been one greater. Hence a weaker version of
Grauert—Mdlich is not good enough with the present techniques.

For example, iff is the complete intersection of three polynomials of degree 1®,in
then one can compute that(Enorm) = 75, and then Ein’s theorem gives that the splitting
type is no worse tharb, —5). However, that means that the restriction&e= R/(L) has
resolution “no worse” than

0—> R(—10)® R(—20) — R(—10° — [ — 0.

In particular, it cannot even be excluded that the restrictior db R is a complete
intersection. In characteristic zero this is excluded immediately by our work above
(applying the strong Grauert—Miilich theorem) and in fact it follows immediately also from
the main theorem of [28].

Remark 2.10. (1) The Weak Lefschetz property says that a general linear form induces a
map of maximal rank on consecutive components. One might be interested in a description
of the set of (special) linear forms which doest give maps of maximal rank. This is
parameterized by the variety of jumping lines of the burgile

It is interesting to combine the two techniques involved here. For any set of distinct
linesii, ..., A, in P2, one can easily construct bundles havingthas jumping lines. For
example, let = 3 and consider complete intersections of typet, 4).
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Onx;,i=1,2,3,choose general poink 1, P; 2, P 3, Qi1, Qi 2, Ri.1, Ri 2, Ri 3, Ri .
Consider the 4-tuples

(Pi1, P2, Pi3,0i1), (Pi1, P2, Pi3, Qi2), and (R;1,R;2,R;3, Ri4).

Choose a general quartic curie € R4 containing the 12 point&?; 1, Pi 2, P; 3, Qi1) (i =
1, 2, 3), ageneral quartic curd®& € R4 containing the 12 point&?; 1, P; 2, Pi.3, Qi2) (i =
1,2, 3), and a general quartic cur¥g € R4 containing the 12 point&R; 1, R; 2, Ri 3, Ri 4)
(i=1,2,3). (Thisis possible since the points were chosen generically.)

Then(Fy, F2, F3) is a complete intersection, but its restrictionsiig A2, andiz each
have linear syzygies. Létbe the bundle constructed from this complete intersection. Since
the restriction to a general line has no smaller than quadratic syzygigs;, andis are
jumping lines.

(2) The bundle€ used in this section is a Buchsbaum—Rim sheaf. The interested reader
can find a much more extensive treatment of such sheaves and their properties in [17,18,
20].

3. Hilbert functionsand maximal Betti numbers of algebraswith the Weak
L efschetz property

In this section we do not require that clia= 0 or thatK be algebraically closed.
We give a complete characterization of the possible Hilbert functions of algebras with the
Weak Lefschetz property. Furthermore, we show that there is a sharp upper bound on all
of the graded Betti numbers in the minimal free resolution of an algebra with the Weak
Lefschetz property. For the remainder of this paper we wRite K [xo, ..., x,].

Notation 3.1. If A = R/I is a gradeX -algebra then we denote the Hilbert functiontof
by

ha@t):=dimg[R/I];.

The main result of [13] was to characterize the Gorenstein sequences (i.e., the
sequences of integers that can arise as the Hilbert function of an Artinian Gorenstein
ideal) corresponding to Artinian Gorenstein ideals with the Weak Lefschetz property.
These turned out to be the so-called Stanley—larrobino (Sl)-sequences. As a consequence,
since the height-three Gorenstein ideals are well understood ([5,7] among others), in
K [x1, x2, x3] every Gorenstein sequence occurs as the Hilbert function of an Artinian ideal
with the Weak Lefschetz property. We now consider the non-Gorenstein case.

Question 3.2. Which Hilbert functions (in any codimension) can occur for ideals whose
coordinate rings have the Weak Lefschetz property?

We will give a complete answer to this question, giving a construction for an Artinian
K -algebra with any allowable Hilbert function, having the Weak Lefschetz property. Later
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we will give a bound for the graded Betti numbers of an Artinidralgebra with the
Weak Lefschetz property (Theorem 3.20), and we will show that our construction achieves
the bound. Of course, this result includes as a special case the maximal possible socle
type. However, we have the additional nice result that this maximal socle type can be read
directly from the Hilbert function, so we will consider the socle type along with the Hilbert
function.

Let A be an Artinian graded -algebra with the Weak Lefschetz property, andgldte
a Lefschetz element of. We make the following observations about the Hilbert function
and the socle type of.

Remark 3.3. (1) Let d be the smallest degree for whichg: Ay — Ag41 IS surjective.
Then the mapxg:A; — Aj,1 is also surjective for allj > 4. This is because we are
considering the natural grading.

(2) Hencexg:A; — A1 is injective, but not surjective, for ajl < d.

(3) Leth = (ho, h1, ..., hs) be the Hilbert function ofA. From (1) and (2) it follows
that

ho<hi<---<hqg>zhgi1>-- 2> hy.
In particular,k is unimodal and strictly increasing until it reaches its peak, which is called

the Sperner numbeof the Hilbert function ofA [27].
(4) Thus we see that there exist integefsuy, .. ., ug such that

ho<hi<--<hy=-=hyp1>hy,==hy1>hyy - >hy,=---=hs >0.
In particularu; = d.

(5) Furthermore from (1) and (2) we have that the positive part of the first difference
of h, namely

1 ha—ho, ha—ha, ..., hyy —hy,-1,
is the Hilbert function ofB = A/(g). In particular, this is arD-sequence.

(6) Let (ao, ..., as) be theh-vector of the socle ofA. The Hilbert series of the socle is
called the socle typS(A, A) of A, i.e.,

)
S(A ) =) airl.
i=0
We want to compare the socle type with the following polynomial:

Pp(A) = Z(hi — hiy)A,

i=ujq
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where h;41 = 0. It can easily be checked from (1), (2), and (4) that= 0 for all
i ¢{up—Lus—1,...,uy — 1,s}. Furthermore, we have; < h; — h;4+1 for all i €
{up— 1L uz—1,...,uy —1,s}. This follows from

SoqA); cker(xg:A; — Ait1),

dimSodA); =a;, anddimke¢xg:A; —> A;+1) = h; — h;+1. An Artinian K -algebra for
whicha; = h; — h;—1 will be said to havanaximal socle typeNotice that the rank of the

last free module in the minimal free resolution4is equal to) _ a;, the dimension of the
socle, so for an algebra with maximal socle type, this rank is actually equal to the Sperner
number ofA (see (3) above).

Conditions (3)—(5) give a necessary condition for a Hilbert functida be the Hilbert
function of an Artinian graded -algebra with the Weak Lefschetz property. We now show
that not only are these conditions also sufficient, thus characterizing the Hilbert functions of
Artinian K -algebras with the Weak Lefschetz property, but in fact an example exists with
the maximal possible socle type, as described in (6). We first give the basic construction.

Construction 3.4. Let h = (hog, h1, ..., hs, hs+1 = 0) be a finite sequence of integers
satisfying the conditions of (3)—(5) above. Define

h(j):=maxh; —hj_1,0}.
Choose Atrtinian ideals
71C.72C~'~C 75Cl_€:=K[xl,...,xn]

such thathy 7, = h and ded/; = h(u;) forall i =2,...,£. Now putJ; = J;R for all
i=1...,¢and

4
Ii=J1+4 ) Uilsy, +m'
i=2

wherem = (xo, ..., x,). SetA := R/I. Note that/; is not reduced, but it is the saturated
ideal of a zero-schen¥;. Furthermore, we havi§; D X, O --- D Xy,

Proposition 3.5. Leth = (1, hy, ..., hy) be a finite sequence of positive integers. Then
is the Hilbert function of a graded Artinia -algebra R/J having the Weak Lefschetz
property if and only ifz is a unimodal O-sequence such that the positive part of the first
difference is an O-sequence.

Furthermore, letuy, ..., u, and @, (1) be as in RemarB.3. Then thek -algebraA of
Construction3.4 has the Weak Lefschetz property, Hilbert functtoand maximal socle
typed; ().
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Proof. The necessity is proved in Remark 3.3. The sufficiency follows immediately from
the claim about Construction 3.4, which we now prove.

(1) The ArtinianK -algebraA has the Weak Lefschetz property: LBt := R/J; =
@IB];. We may assume thap is not a zero divisor mod; for all j. Considering the
following commutative diagram:

(B9, o [89], , — [BU]

X0 A

Uj+1

Aujia-1 uj1s

we have, as the proof of Lemma 3.2 in [13], tiiahas the Weak Lefschetz property.

(2) The Hilbert function ofd is &: First we recall a basic property of the Hilbert function
of a zero-schem¥ in P". Set

o (Y) :=min{i | Ahgy, (i) =0},
whereAhg, 1, (i) is the first difference of g1, (i). Then it follows that
hiy1g©0) <+ <hgyry (0(Y) = 1) = hg/ry (0 (Y)) = --- = degy,
and we see that ¥’ C Y theno (Y') < o (Y). Hence from this property we get
hpi (i) = hy;

for all i > u1. Thus sinced; = [BD]; for all 0 < i <up — 1, A; = [BW); for all
uj <i<wujpr—1andA; = (0) for all i > s + 1, we have that the Hilbert function of

A coincides withk.
(3) The socle type oAt is @5 (1): We note that

[SOC(A)]MI-HA = [I(j+l)]uj+lfl/[I(j)]u]qufl'
Furthermore we see that
dim{[I(Hl)]uﬂrl/[I(j)]um,l} = hpiWj+1— 1) —hpirn@jr1 — 1)
= huj = Iy
Thus it follows from Remark 3.3(6) that

S(A, L) =Pp(A).

This completes the proof.O



114 T. Harima et al. / Journal of Algebra 262 (2003) 99-126

Example3.6. Not all Artinian ideals ink whose Hilbert functions satisfy the necessary and
sufficient conditions given in Proposition 3.5 have the Weak Lefschetz property. Indeed, we
give a simple example of one which even has the Hilbert function of a complete intersection
but does not have the Weak Lefschetz property. We take

2 3 .2 2 4
I = (xf, x1x2, X1x3, X3, X5X3, X2X5, X3),

soR/I has Hilbert function (1 3 3)1 For any linear forni, the element1 € (R/I)1 isin
the kernel of multiplication by., hence the Weak Lefschetz property fails in passing from
degree 1 to degree 2.

A finer invariant of an Artiniank -algebra is its minimal free resolution. It is probably
not possible now to give a set of necessary and sufficient conditions on the graded Betti
numbers for the existence of an ideal with the Weak Lefschetz property and that set of Betti
numbers. Even in the Gorenstein case this is open. However, as in the Gorenstein case [19],
we can give a sharp upper bound for the graded Betti numbers. We will do this shortly.
However, we begin with some natural questions, which are the analogs, for resolutions,
of results which we know for Hilbert functions.

Question 3.7. (1) Is there a minimal free resolution (meaning only the graded Betti
numbers, not the maps) corresponding to an Artinian ideal with a Hilbert function allowed
by Proposition 3.5, which cannot occur for an ideal with the Weak Lefschetz property?

(2) Are there two Artinian ideald; and /2, which have the same graded Betti numbers,
but one has the Weak Lefschetz property and the other not?

We answer both of these questions. First we recall some terminology.

Definition 3.8. Let > denote the degree-lexicographic order on monomial ideals, i.e.,

xytexy > x’l’l ...xb" if the first nonzero coordinate of the vector

n
(Z(ai —bi),a1—b1,...,a, — bn)

i=1

is positive. Let/ be a monomial ideal. Let1, m2 be monomials i of the same degree
such thatmi > mo. ThenJ is a lex-segment ideaf mo € J impliesm1 € J. When
charK) = 0, we say that/ is aBorel-fixed idealf

o X
m:x'lll--~x,‘f”eJ, a; >0, implies L melJ

l

forall1<j <i <n.
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Example 3.9. We first answer Question 3.7(1). LétC K[x1, x2, x3] be the lex-segment
ideal for the Hilbert function1 3 3 1). Then its minimal free resolution is of the form

R(—4) R(=3)3 R(=2)3
) ) )
0 — R(-52 — R(-4)° — R(-33 — J — 0.
o ) )
R(—6) R(—5)2 R(—4)

Now let I be any Artinian ideal inK[x1, x2, x3] with these graded Betti numbers. The
generators of in degree 2 have three linear syzygies. It is not hard to check (e.g., using
methods of [3]) that this can only happen if they have a common linear factor (so in
particular there is no regular sequence of length 2 among these three quadrics). But then
after a change of variables we may assume that this common factorésnd we are in

the situation of Example 3.6. Hend®/I cannot have the Weak Lefschetz property. (As

an alternative proof, note that the Socle type.ig- 212 + A3, so it also follows from
Remark 3.3(6) that it cannot have the Weak Lefschetz property.)

Example 3.10. We now give a (positive) answer to Question 3.7(2). H. Ikeda has shown
[16, Example 4.4] that there is a Gorenstein ArtinikralgebraA = R/I with Hilbert
function (1, 4, 10, 10, 4, 1) and minimal free resolution

0—F4—F3—F,—F—R— R/I—0,
where

F1=R(-3P O R(-4°%  F,=R-H¥@R(-5
F3=R(-5°® R(-6)1°, and Fs= R(-9),

and not possessing the Weak Lefschetz property. These graded Betti numbers are precisely
the maximum possible for this Hilbert function among ideals with the Weak Lefschetz
property, and an ideal exists with these graded Betti numbers and with the Weak Lefschetz
property, thanks to [19, Theorem 8.13].

In Example 3.9 we saw that the resolution of the lex-segment ideal (which is known to
be extremal among all possible resolutions with the given Hilbert function [2,14,22] for
chark > 0) cannot, in general, be the minimal free resolution of an ideal with the Weak
Lefschetz property, and we gave a reason for this failure based on the beginning of the
resolution, and a different reason based on the end of the resolution. This suggests the
following question:

Question 3.11. Leth = (ho, h1, ..., hy) be a Hilbert function which can occur for Artinian

K -algebras with the Weak Lefschetz property (see Proposition 3.5). Is there a maximal
possible resolution among Artinian ideals with the Weak Lefschetz property and Hilbert
functioni?
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We now answer Question 3.11 by establishing upper bounds for the graded Betti
numbers of an Artiniank -algebra with the Weak Lefschetz property and exhibiting
examples where these bounds are attained. Note that such bounds were found for Artinian
Gorenstein algebras with the Weak Lefschetz property in [19]. We adapt the techniques
developed there to our problem.

We begin by recalling [19, Lemma 8.3].

Lemma 3.12. Let M be a gradedR-mgduIe,E € R alinear form. Then there is an exact
sequence of gradeR-modulegwhereR := R/{R)

oo —> TorR (024 £), K)(—1) —> Torf (M, K) —> Tork (M/eM, K) —> ---

—> Tork(M, K) — Torf (M/eM, K) —> O,

Notation 3.13. Now let A = R/I be an Artinian graded -algebra with the Weak
Lefschetz property, and let € [R]1 be a Lefschetz element of. Denote byd the end
of A/gA and bya the initial degree of 0g :=0:4 g, i.e.,

d:=max{j € Z|[A/gA]; # 0}

a:=min{j €Z|[0:gl; #0}.

Observe thatl < a. U_sing the notation of Remark 3.3 we have- u1,a =uo — 1.
Moreover, we puRR := R/gR and define

[torf (M, K)], := ranK Torf (M, K)] ..

Now we can state the next result.

Proposition 3.14. We have for all integers j:

=[torR(A/gA, K], ; if j <a—2;
< [torR(A/gA, K)]l.ﬂ if j=a—1;
[torf (4, )], ; § < [tor® ,(0: g, K)]ipja+ [torR(A/gA, K, ifa<j<d
< [tork 1(0: g, K)]l.+j_l if j=d+1;
[

tork 1(0: g, K)] if j>d+2

itj-1

Furthermore Tor® | (A, K) = TorR(0: g, K)(~1).

Proof. Using[TorR((0:4 g), K)li+; =0if j <a and[TorR(A/gA, K)liyj =0if j > d,
the claim follows by analyzing the exact sequence given in Lemma 3.12.

Observe that the conditian< j < d can only be satisfied if =d.
Next, we need an elementary estimate.
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Lemma 3.15. Let M be a gradedr-module. Then we have for all integery:
) n+1
[torf (M, K)];.; <hw()) - ( l. )

Proof. Put P := R"*1(—1). Then the Koszul complex gives the following minimal free
resolution ofR/m = K:

n+1 i+1 i
o—>/\P—>..._>/\P—>/\P—>..-—>P—>R—>K—>o.

Thus,[ToriR(M, K)li+; is the homology of the complex

[H/\lpwlﬂ_)[/i\pw} —>[i/\lP®M]

Since rank/\' P ® Mlitj=hu(j)- ("Tl), the claim follows. O

i+j i+j

Notation 3.16. Let 4 be the Hilbert function of an Artiniak -algebrar /1. Then there is
a uniquely determined lex-segmentidéat R such thatR/J hash as its Hilbert function.
We define

Bi.j(h, R) := [torf (R/J, K)]I.H.

Remark 3.17. The numberg; ;(k, R) can be computed numerically without considering
lex-segment ideals. Explicit formulas can be found in [10].

Theorem 3.18[2,14,22].If A= R/I is an Artinian algebra then we have for allj € Z:
[torf (A, K)],, ; < Bij(ha, R).

In order to construct algebras with the Weak Lefschetz property and maximal Betti
numbers, we need one more technical result. In the following lemma, for a graded module
M of finite length, we denote by(M) the last degree in whicl/ is non-zero.

Lemma 3.19. Let / ¢ J C R := K[x1, ..., x,] be Artinian ideals. Pud := e(R/I),

I=1IR, J:=JR,anda:=1 + [J1>a4+1. Thena + xoR = I + xoR and we have for
the graded Betti numbers df := R/a:

[torR(A/x0A, K)]; it j#£i+d;

tor® (A, K)]. = =
[Orl( )]j {[tOI‘iR(A/XOA»K)]j"i'k'([nl) ifj=i+d,

wherek := degl — degJ.
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Proof. We proceed in several steps.

() Sincel c J, we gete(R/J) <e(R/I) =d.Hence,l andJ are generated by forms
of degree< d + 1. In particular[J]>4+1 is generated by forms of degréet 1.

The idealsl + xoR anda + xR differ at most in degrees d + 1. Thus, the Hilbert
functions ofA/xoA and R/ agree. It follows thatf + xoR = a + xoR. In particular, we
can write

a=1+x0-(f1,.--, fr),

wherefi, ..., fr € [J]4, becausd : xo=J.
(I Putb:=(f1,..., fi)R,i.e.,a=1 +xg-b. Forj <d, multiplication byxg factors
through two maps of maximal rank:

X0

[A]; [Alj+1

I H

[R/1j —> [R/I]j4+1 —= [R/alj+1.

It follows that
0:4x0=[a/I1g = K" (—d)

and, in particular, 04 xo = SocA.
(Il Denote bygs, ..., g, the minimal generators df. Let (r1,...,r:,s1,...,s:) bea
syzygy ofa, i.e.,

t

k
Zrigi +Zij0fj =0.

i=1 j=1

We can writer; = 7; + xof; wherer; € R and7; € R. It follows that

t t k
> Figi +XO[Zfigi +Zsjfj:| =0.

i=1 i=1 j=1

Comparing coefficients we obtali’_, 7g; = 0 andY'_; 7igi + Y.-_; s f; = 0. Thus,
we see thati, ..., 7, 0,..., 0 + (x0F1, ..., X071, 51, . . ., sx)' iS @ Syzygy ofa if and only
if (71,...,7)is asyzygy off and(Fy, ..., 7, s1,...,s0)'is a syzygy ofl + b.

(IV) Let

0—>Gp—>-—>Go— G125 R— R/T—0
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be a minimal free resolution at/I asR-module and let
O—F,—>—F—>R—A—0

be a minimal free resolution of as R-module. Tensoring by gives the complex (with
Fi:=F; ®r R)

0—> Fy—> - —> Fy - f1LFO—>R/u+xoR—>O.
Sincea + xoR = I + xoR, we get
kerg = kerf ® R' (—d — 1).
Step (lll) shows that imx splits as
ima=ima @M *
for someR-moduleM such that
kerB/ima = R\ (—=d — 1)/M.

The proof of [19, Lemma 8.3] shows that kgfima = 0:4 xo(—1). Using step (Il) we
obtain the exact sequence ®fmodules

0— M — R*(—d—1) — K¥(—d — 1) — 0.
Itimplies for all integers > 0O:
Torf (M, K) = K*GiD) (—d —2—i).
From the proof of [19, Lemma 8.3] we also have fgr O:
Torf ,(A, K) = Torf (ima, K).
Hence, the sequence) implies our claim. O
We are now ready for the announced result.

Theorem 3.20.

(@) Let A = R/I be a K-algebra with the Weak Lefschetz property and denote by
h:7Z — Z the function defined by

h(j) :=maxAh4(j),0}.
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Then the graded Betti numbers Afsatisfy

Bij(h. R) if j<a-1;
[torf(A,K)]iﬂ. <4 Bij(h R)+max0, —Aha(j+D}- (")) fa<j<d;
max0, —Aha(j +D}-(;"y) if j >d+ 1

(b) Leth:Z — 7Z be a numerical function such that there is an Artinian alget®a/
having the Weak Lefschetz property aincis a Hilbert function. Then there is an
Artinian algebraA = R/I having the Weak Lefschetz property ainds a Hilbert
function such that equality is true (@) for all integersi, j.

Proof. We first prove (a). Sinceg is a Lefschetz element of, the Hilbert function of
A/gA is h and the Hilbert function of 04 g is given by

ho.4g(j) =max{0, —Aha(j + D}

Thus, our claim is a consequence of Proposition 3.14, Lemma 3.15, and Theorem 3.18
(using [22] for the case ch&r > 0).

Now we show (b). We use the notation of Remark 3.3. Consider the ifeafl
Construction 3.4, and assume furthermore that

[torf(R/T1, K)]l.ﬂ. =p;,;(h,R) forallintegers, ;.

Such an ideal ; certainly exists: for example, we can choose it as a lex-segment ideal.

As in step (1) of the proof of Lemma 3.19 we see that xoR = J1+xgR. An argument
as in step (Il) of that proof shows that

0:paxo=SocA and rank0:s xol; =max{0, —Ah(j + 1)}.

It follows that A has the Weak Lefschetz property,is a Lefschetz element fot and
* n
[torf(0:4 xo, K)]l.ﬂ. =max{0, —Ah(j + 1)} - <l>
Moreover, sinced /xoA = R/J 1, we have

[torf (4/x04. K)],.., = B j (. ).

Observe again thal = u1 anda :=up —1>d. If a > d + 1, all Betti humbers
[torR(A, K)]i+; are determined by Proposition 3.14jit> d + 2. Since[A]; = [R/J1];,
for j <a we get

[torf (4, K)],,; =[torf R/, K)],, ; = [torf (A/x0A, )], if j <d.
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The remaining graded Betti numbetsrf(A, K)li+d+1 can be computed recursively from
the Hilbert function ofA. (A similar computation can be found in [21, p. 4386].)
Now leta = d. From the definition of we immediately obtain

[torf (A, K)],, ; = [torf (R/ (V1 + [)2]50). K) ], ; forall j <d.

Thus, we know these graded Betti numbers by Lemma 3.19.3#d + 2, we know
[torR (A, K)]i+; by Proposition 3.14. Thus, the remaining Betti numbers can be computed
as in the previous case.

In any case, we can compute all graded Betti numberd.ofhe result shows our
claim. O

We would also like to point out that there are Hilbert functions such that all algebras
with that Hilbert function and the Weak Lefschetz property have the same (maximal)
graded Betti numbers. A similar phenomenon is true for Gorenstein algebras with the Weak
Lefschetz property (cf. [19, Corollary 8.14]).

Corollary 3.21. Let/ C R be an Artinian ideal such that := R/ has the Weak Lefschetz
property and its Hilbert function satisfies

hA(j)=<n:J> forall j <d=u1 <up—3

anduy + 2 < up41 for all k with 2 < k < £. Then the graded Betti numbersdfare

(1) it j=d;
[torf (4. K)]; ;= | —Ahatup) - (") ifj=w—1;
0 otherwise

Proof. By assumption we hawe> d + 2. Thus, Lemma 3.12 provides

[tor?(A/gA,K)]iH if j<d;
[torf(A,K)],, ., =10 ifj=d+1;

J R e .
[tor® ,(0: g, K)]iﬂ._l if j>d+2

We may assume thgt= xo. Then we getd /xgA = R/(x1, ..., x,)*L. Thus, the graded
Betti numbers ofdA /g A are known (cf., e.g., the proof of [19, Corollary 8.14]). This shows
our claim forj <d + 1.

SinceA has the Weak Lefschetz property, we have

rank0:4 xolj =maxX{0, —Ah(j + 1}

This implies

0:4 xo=SOCA.

Our claim follows. O
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4, Hilbert functionsand maximal Betti numbers of algebraswith the Strong
L efschetz property

In this section we give some results about a more stringent condition, namely the Strong
Lefschetz property. Several of our results require that Khar0 (e.g., Proposition 4.4),
and we make this assumption throughout this section.

Not all algebras with the Weak Lefschetz property possess the Strong Lefschetz
property in codimensio: 3. We show that nevertheless tliseshold in codimension
two. Furthermore, we give the surprising result that $henecharacterization of Hilbert
functions and maximal graded Betti numbers that we gave in the last section for the Weak
Lefschetz property continues to hold for the Strong Lefschetz property.

The conditions for the Hilbert function given in the statement of Proposition 3.5 are
automatic in codimension two. In this case, interestingly, something much stronger than
Proposition 3.5 holds. We first recall the notion of the Strong Lefschetz property.

Definition 4.1. An Artinian ideal/ C R has theStrong Lefschetz properify for a general
linear formL and anyd > 0,i > 0, the map

<L (R/T)i = (R/D)ita
has maximal rank.

Clearly if R/I has the Strong Lefschetz property then it has the Weak Lefschetz
property. However, there are examples of ideals with the Weak Lefschetz property which
do not have the Strong Lefschetz property.

Example 4.2. We first give a simple example of an ideal with the Weak Lefschetz property
but not the Strong Lefschetz property. Liebe the lex-segment ideal with generators

xf, X1X2, xlxg, xg, x%x%, xzxg, xg.
This has Hilbert functioril 3 4 3 ), and one can check that for multiplication by a general

linear form L we have maximal rank between consecutive components, WRileas the
elementx; in the kernel of the multiplication from degree 1 to degree 3.

Of much greater interest is the fact that there exist exampléSarensteirideals with
the Weak Lefschetz property but not the Strong Lefschetz property. One uses the theory of
inverse systems.

Example 4.3. Let R be the ringK [u, v, x, y, z] and let f = xu? + yuv 4 zv?. The dual
of f gives a Gorenstein algebra withvector(1 5 5 1) (this can be checked, for instance,
with the computer program Macaulay [1] using the scrpt f r om _dual ). This algebra
has neither the Weak Lefschetz property nor the Strong Lefschetz property.

However, now take the polynomigl= uf. It gives an algebra with-vector(1565 J).
It has the Weak Lefschetz property mdtthe Strong Lefschetz property.
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More generally, choose an element S = [u, v][ ] which is, in particular, homoge-
neous in the variables, y, z, u, v. Let A be the algebra obtained from such a form. Then
for a general linear forni., the mapx L*~2: A1 — A,_1 is not bijective. The key to this
goes back to P. Gordan and M. Noether [12]. They showed that if the Hessian of a form is
identically zero then one of the variables can be eliminated by means of a linear change of
the variables, as long as the number of variable is at foastin dimension 5 or more it is
not true, and they gave the above example. In dimension 5 they claimed that these types of
forms are the only cases, where you have zero Hessian and still all variables are essentially
involved. Then the fourth author [29] showed that the zero Hessian of a form is equivalent
to the condition that the magf*2 : A1 — Ayz_1 does not have full rank.

We believe that in general a polynomial of the above form does give rise to an Artinian
algebra with the Weak Lefschetz property, but have not confirmed it.

We saw in Example 3.6 that for a given Hilbert function in codimensio8 it is
possible to find two ideals with that Hilbert function, one possessing the Weak Lefschetz
property and the other not. In codimension two we have the following proposition,
generalizing some results in [15].

Proposition 4.4. Every Artinian ideal inK[x, y] (chaik = 0) has the Strong Lefschetz
property(and consequently also the Weak Lefschetz property

Proof. First suppose thal is a Borel-fixed ideal inR = K[x, y]. Since chak = 0,

I, consists of consecutive monomials from the first (e&ct{Sayx¢ is the first monomial
andy? the last.) So the vector spafg I, is spanned by the consecutive monomials from
the last.

Let (hg, h1, ..., hs) be the Hilbert function ofA = R/I. Then it is well known (and
easy to see) that it is unimodal. Assume first tha& ;4. Theny? : (R/1); = (R/Dita
is injective, because if a monomiad is in (R/I); theny?M is in (R/I);+q. (The point
here is that ifM is the rth monomial of(R/1); from the last theny? M is also therth
monomial of(R/I);+4 from the last.)

Now assume that; > h;;4. Suppose that a monomiad is in (R/1);+q. SayM is the
tth monomial from the last. Then théh monomial of(R/I); from the last exists since
h; > hiyq.LetitbeN. Thenwe have?N = M. Thus the map?: (R/I); = (R/D)i;q is
surjective. Hence we have proved that ifs Borel-fixed in characteristic 0, the®/I has
the Strong Lefschetz property.

In the general case we have the fact that giris Borel-fixed, where gi¥) denotes
the generic initial ideal of . It is easy to see and well known (or see Proposition 15.12 of
Eisenbud [9]) that 167 : y¥) = In(I) : y? for d =1,2,3..., wherey is the last variable
with respect to the graded reverse lexicographic order. Since the Hilbert function does not
change by passing to dgif) and since the Strong Lefschetz property is characterized by
the Hilbert function ofA/(y%), d = 1,2,3..., the general case reduces to the case of
Borel-fixed ideals. O

We have seen that the Strong Lefschetz property is (naturally) a stronger condition than
the Weak Lefschetz property, in the sense that there exist ideals whose coordinate ring has
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the Weak Lefschetz property but not the Strong Lefschetz property. One would naturally
expect that the imposition of this extra condition would be accompanied by a further
restriction on the possible Hilbert functions (Proposition 3.5) or on the upper bounds on
the graded Betti numbers (Theorem 3.20).

We now show that any Hilbert function that occurs for ideals with the Weak Lefschetz
property also occurs for ideals with the Strong Lefschetz property. The following two
results do not require ch&r= 0.

Proposition 4.5. Let K be any field. Lef be the ideal obtained in Constructi@4, with
the further assumption thaty, ..., J, satisfy

o _ i) . i) o min{ht,hui} |ft < Uj,
hg,7,() = AR (1) foralli=2,...,¢, whereh'’(r):= {hu,- otherwise.
(Such ideals certainly exist. For example, we can choose those as lex-segmentTdiesls.
A = R/I has the Strong Lefschetz property.

Proof. We maintain the notation of Construction 3.4 and Proposition 3.5. We may assume
thatxo is not a zero divisor mod;. First suppose that+ d < u». Then from the proof of
Proposition 3.5, we see théd, xo) has the Weak Lefschetz property. Hence it follows that
the mapxxd : A; —> A;4q IS injective.

So without loss of generality we may assume that<i +d <u;11 — 1 (where
2< j<tandugyr:=s+1). We note that

, hy fO<t1<o(X)) -2
i (1) = h,; otherwise

Hence we see that

_ bijective if0<i<oX;) -2
the natural map\; — B[(/> is { surjective ifo(X;) —1<i<u; -1
bijective ifu; <i<wujy1—1.

Also we note that

injective ifi <o(X;) -2

bijective otherwise

d.pl) o)
Xg - B; —>Bz+d's{

Thus, considering the following commutative diagram

xd

Ai*O>Ai+d
byl

) )
B —= Biiy
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we have

injective  ifi <o(X;) -2

S : ]
surjective otherwise

x‘oi:Ai —> Ajtd is {
The next result shows that the bounds on the graded Betti numbers that were given in
Theorem 3.20 are also achieved by an ideal with the Strong Lefschetz property.

Corollary 4.6. Let K be any field. A Hilbert function occurs for some graded Artinian
K-algebra with the Weak Lefschetz property if and only if it occurs for one with the
Strong Lefschetz property, and these Hilbert functions are characterized in Prop&hion
Furthermore, the bound on the graded Betti numbers obtained in The28is achieved

by an algebra with the Strong Lefschetz property.

Proof. The only thing that needs to be observed is that the extra conditign anposed
in Theorem 3.20, namely

[torf (R/T1, K)),,; =Bij(h,R)  forallintegers, j,

can be imposed in the context of Proposition 4.5: simply tékeo be a lex-segment
ideal. O

We end with a natural question.

Question 4.7. Is there a set of graded Betti numbers that occurs for algebras with the Weak
Lefschetz property but not the Strong Lefschetz property?

We conjecture the answer to this question to be “no.”
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LIST OF PROBLEMS

MARTINA JUHNKE-KUBITZKE AND ROSA M. MIRO-ROIG

ABSTRACT. The study of the Lefschetz properties of Artinian graded algebras was motivated by
the hard Lefschetz theorem for a smooth complex projective variety, a breakthrough in algebraic
topology and geometry. Over the last few years, this topic has attracted increasing attention from
mathematicians in various areas. Here, we suggest some important open problems about or related
to Lefschetz properties of Artinian graded algebras with the ultimate aim to attract the attention

of young researchers from different areas.

1. INTRODUCTION

As it was pointed out in the previous chapters of this book, the study of Lefschetz properties
of Artinian algebras was originally motivated by the Lefschetz theory for projective manifolds,
begun by S. Lefschetz and well-established by the late 1950s. Many of the important Artinian
graded algebras appear as cohomology rings of an algebraic variety or manifold, though recent
important developments have demonstrated cases of the Lefschetz property beyond such geometric
settings (such as Coxeter groups or matroids). Lefschetz properties also appear as one important
ingredient of the Kahler package. In the last two decades there has been fascinating progress on the
study of the weak and strong Lefschetz property from different perspectives, inspired in part by,
and contributing to, developments in algebraic geometry, commutative algebra and combinatorics
among others but we want to emphasize that in spite of the big progress in the area made during
these last decades a lot of interesting problems remain open. Lefschetz properties have shown to
be ubiquitous since this subject matter has connections to many branches of mathematics. Indeed,
a central object of study are Gorenstein algebras (also known as Poincaré duality algebras) which
are of strong interest not only in algebraic geometry but also in commutative algebra, algebraic
topology and combinatorics. Notably, several important results in this area have been obtained by
using unexpected methods and finding unexpected connections between apparently different topics.

In this last chapter, we gather a collection of open problems about or related to Lefschetz
properties with the ultimate aim to attract the attention of young researchers from different areas.
Many researchers have contributed to this list which in no means claims to be an exhaustive list
but which hopefully gives a flavor of the problems in this area. Moreover, the suggested problems
vary significantly in their level of detail.

In the following, we divide the problems into 4 blocks:

(1) Failure/presence of Lefschetz properties for special types of algebra.
(2) Geometric aspects related to Lefschetz properties.

The second author has been partially supported by the grant PID2019-104844GB-100.
1
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(3) Lefschetz properties in combinatorics.
(4) Lefschetz properties and Jordan types of Artinian algebras.

2. FAILURE/PRESENCE OF LEFSCHETZ PROPERTIES FOR SPECIAL TYPES OF ALGEBRA

Though many algebras are expected to have the weak Lefschetz property (WLP, for short), es-
tablishing this property is often rather difficult. In this first section we gather some open problems
related to the failure/presence of the WLP for special types of Artinian algebras. We also mention
that some of the main results that have been achieved up to date only hold over fields of char-
acteristic zero or under other restrictions on the characteristic of the ground field. It is hence of
great interest to understand the influence of the characteristic of the ground field on Lefschetz type
questions. If not otherwise stated, in this section, we will always assume to work over a field K of

characteristic zero.

Complete Intersections. It is known that all graded algebras in two or fewer variables have
the WLP [24, Proposition 4.4]. In particular, these includes height two complete intersections in
two or fewer variables. Following up on our previous comment on the characteristic dependence,
we want to mention that it is not hard to see that complete intersections in two variables can fail
the WLP in positive characteristic. Coming back to characteristic zero, Harima, Migliore, Nagel
and Watanabe [24] showed that any Artinian height three complete intersection has the WLP. On
the other hand, Stanley [45] and Watanabe [47] showed that any monomial complete intersection,
independent of the number of variables, has even the strong Lefschetz property (SLP, for short)
(and hence the WLP). From this, the following question arises naturally:

Question 2.1. Does every complete intersection ideal I C Kx1,...,zy], in any number of vari-
ables, has the WLP (or even the SLP)?

This question should be considered as the main open problem concerning Lefschetz properties
for complete intersections. In a step towards an answer to Question 2.1, it seems reasonable to first
try to extend the work in [24] as follows.

Question 2.2. Does every height three complete intersection has the SLP? Is this true for complete

intersections of larger height, e.q., Artinian height four?
Even, more specific is the following problem, whose answer is also unknown.

Question 2.3. Let I C K[zq,...,zy,] be a complete intersection generated by homogeneous polyno-
mials of uniform degree d € N. Further assume that K[zq,...,x,]|/I has the same monomial basis
as K[z1,...,zn]/ (24,28, ..., 2%). Does K[x1,...,z,]/1 satisfy the SLP?

The last problem we are proposing for complete intersections is concerned with Lefschetz prop-
erties for non-standard graded Artinian complete intersection and relates to an old conjecture by
Almkvist [7, 8, 9] which we now explain. Let p, 4(t) be the generating function for the number of
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partitions of integers smaller than or equal to (d—1)n(n+ 1)/2 with at most n parts and each part
repeated at most d — 1 times. It is known that

Pr,a(t) = ﬁ <1 +t 4+ ti(d‘1)> .

i=1
Conjecture 2.4 (Almkvist ’85). For every fized d > 2, the polynomial py, 4(t) has unimodal coef-
ficients for n sufficiently large.

Almkvist has already established his conjecture [9] for 3 < d < 20 (and also, oddly enough, for
d =100 and d = 101) using analytic techniques, including integrals and Tchebychev polynomials.
One possible approach towards Conjecture 2.4 is via Lefschetz properties. We now explain this

in more detail. Given integers n,d > 1, let e; = e;(z1,...,x,) be the ith elementary symmetric
polynomaal in the variables z1,...,x,, and let é; = ei(xcll, . ,x%) be the i*" elementary symmetric
polynomials in the variables raised to the d** powers z¢,...,z%. Tt is known that Kley,..., e,] is
a polynomial ring, and that {é;,...,é,} C Kley,...,e,] form a regular sequence. Consequently,
the quotient ring A(n,d) = % is a (non-standard) graded Artinian complete intersection.

It is easy to see that the Poincaré polynomial of A(n,d) equals p, q(t). Hence, an answer to the

following question would solve Conjecture 2.4.
Question 2.5. For which pairs (n,d) does the ring A(n,d) have the SLP?

Gorenstein algebras. The question of which Gorenstein algebras do possess the WLP (or
even the SLP) is even more mysterious than the corresponding one for complete intersections. On
one hand, as mentioned above, all graded algebras in two or fewer variables have the WLP [24,
Proposition 4.4]. On the other hand, Tkeda and Boij showed that there exist Artinian Gorenstein
algebras of codimension > 3 failing the WLP. In view of the fact, that complete intersections of
codimension 3 do have the WLP, it is natural to ask the following question:

Question 2.6. Do all Artinian codimension three Gorenstein algebras have the WLP (or even the
SLP)? If not, can one characterize those which do?

Building on work of Boij and Ikeda, one might also aim to characterize (or at least better
understand) which Gorenstein algebras do have the WLP/SLP, e.g., in terms of properties of their
Hilbert functions. However, it is not enough to only consider Gorenstein algebras with unimodal
Hilbert functions (which is a consequence of the WLP), since, even in this more restricted setting,
there exist examples of Gorenstein algebras that do not have the WLP.

As for complete intersections, we now mention a more specific problem.

Question 2.7. Let A = @;_, A; be a standard graded Artinian Gorenstein algebra over a field
of characteristic zero or greater than ¢ with embedding dimension n. Suppose that the symmetric
group Sy, acts on A by permutation of the variables. Does A have the SLP?

The above question has been answered in the affirmative for quadratic complete intersections.
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Jacobian ideals. Let S = Clxy, ..., x,] be the polynomial ring in n+1 variables with coefficients
in C and let f € S be a homogeneous polynomial of degree d whose corresponding hypersurface
V=V(f)={zxeP" : f(x)=0}in P" is smooth. Let J; be the Jacobian ideal of f, generated by
the partial derivatives f; of f with respect to x; for i = 0,...,n. The graded algebra M(f) = S/J;
is called the graded Milnor (or Jacobian) algebra of f. If f is generic, it follows from [45] and [47]
that M(f) has both the WLP and the SLP. Moreover, for any f € Clxo,...,z3] of degree d < 6
with V(f) smooth we know that M (f) satisfies the WLP (see [32] and [13]). This gives rise to the
following question:

Question 2.8. Does M(f) have the WLP (or the SLP) for any homogeneous form f € Clxo, ..., =]
with V(f) C P" smooth?

Monomial algebras. Though it is out of reach to provide a complete classification of all
Artinian monomial algebras A that have the WLP, one can still ask for a characterization for
special classes. Two natural subclasses come from looking at the end and at the beginning of a
minimal free resolution of A.

An algebra A is called level if the last free module in its minimal free resolution is concentrated
in one degree. The rank of the last free module is called the type of A. It is natural to ask which
monomial level algebras of a prescribed type have the WLP. It was shown in [45] and [47] that for
type 1 this is always true. Moreover, in [12] it was proven that also monomial level algebras of type
2 in three variables always have the WLP, whereas for every other number of variables (> 3) and
every possible type there exist monomial level algebras not having the WLP. This motivates the
following question:

Problem 2.9. Let n and t be positive integers. Find or bound the minimal degree d such that there
exists a monomial level algebra in n variables of type t whose last syszygy module is generated in
degree d and fails the WLP.

We want to emphasize that obviously this question also makes sense for the SLP, for which even
less is known in this setting.

Another class of monomial algebras, which is natural to consider are monomial almost complete
intersections. For these, several authors have studied the special case of three variables. It would
be interesting to know what happens if we allow one more generator. It is also not known what
happens if the algebra is not required to be monomial but just an almost complete intersection.

Once more, the results that are known in characteristic zero change dramatically in characteristic
p. A broad question is the following:

Question 2.10. Let I be a monomial ideal such that R/I has the WLP in characteristic zero.
What are the field characteristics in which R/I fails to have the WLP?

Powers of linear forms. Many other natural algebras lend themselves to questions about the
WLP or the SLP. A popular instance is that the underlying ideal is generated by powers of linear
forms (see, for instance, [33]). Most of the results achieved in this direction rely on a result of
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Emsalem and Iarrobino [21], that translates the problem of whether the considered algebra has the
WLP to one of studying sets of fat points in a projective space. In [37], the following conjecture
was stated:

Conjecture 2.11. Let R = Klz1,...,z9,4+1]. Let L € R be a general linear form, and let I =
(xd, ... 24,1, LY).

(i) If n = 3, the algebra R/I fails the WLP if and only if d > 3.

(ii) If n > 4, the algebra R/I fails the WLP if and only if d > 1.

This conjecture has been solved for d # 3 and n = 3 in [37] and for all other cases in two steps
by work of Nagel and Trok [41]; and Boij and Lundqvist [14]. So, we are let to pose the following
problem:

Problem 2.12. Let R = Klxy,...,zy]. Let Ly,...,L, € R be general linear forms, and let
I=4,... 24 LY, ... L,). Determine for which values of m, d and r the algebra R/I fails t.he
WLP

Gotzmann ideals. A square-free monomial ideal I C S = K]z, - - - @] is called Gotzmann ideal
if and only if

IT=my(z; : i€Ji)+mme(x; : 1 €Jo)+ - +mimo---ms(x; : 1 € Jy)

for some square-free monomials my, ..., ms and pairwise disjoint subsets Ji,...,Js of {0,1,...,n}.

The above definition was introduced by Hoefel and Mermin in [25] Herzog and Hibi [27] showed
that all Gotzmann ideals are componentwise linear, and Bigdeli and Faridi [11] established a con-
nection between square-free Gotzmann and Stanley-Reisner ideals of chordal compleres — a large
class of componentwise linear ideals which can be defined via simplicial collapses. Open questions
that arise from this are the following:

Question 2.13. Which square free Gotzmann ideals satisfy the WLP? Do (some) Artinian reduc-
tions of Stanley-Reisner ideals of chordal complexes satisfy the WLP?

See [26] for some recent contributions to this question and related problems.

3. GEOMETRIC ASPECTS RELATED TO LEFSCHETZ PROPERTIES

In the last decade the failure or presence of the WLP has been connected to a large number of
geometric problems, that appear to be unrelated at first glance. For example, in [36], Mezzetti,
Mir6- Roig and Ottaviani proved that the failure of the WLP is related to the existence of projective
varieties satisfying at least one Laplace equation of order greater than 2. Another connection with
classical algebraic geometry has been discovered by Maeno and Watanabe, who proved that an
Artinian Gorenstein algebra A = K[z, ..., z,]/Ann(F) fails the SLP if one of the higher Hessians
of F' is identically zero [35]. This motivates the study of projective hypersurfaces with vanishing
Hessian or higher Hessians, a classical problem that goes back to Gordan and Noether. In this
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section we will exhibit other geometric properties closely related to the failure or presence of the

WLP. As in the previous section we divide this section into several subsections.

Reduced sets of points. It is known that not every Artinian ideal is an Artinian reduction of
the ideal of a reduced set of points, and certainly it is not a general Artinian reduction of the ideal
of a reduced set of points. An open question is the following:

Question 3.1. Does a general Artinian reduction of a reduced, arithmetically Gorenstein set of
points in P™ has the WLP (provided that the characteristic of the underlying field equals zero)?

A positive answer to this question would imply the algebraic g-conjecture and yields a complete
classification of the Hilbert functions of such sets of points. We want to emphasize that it is impor-
tant to consider general Artinian reductions since examples of reduced arithmetically Gorenstein
sets of points exist for which a special Artinian reduction fails the WLP. A similar but less ambitious
question whose positive answer would be implied by Question 3.1 is the following:

Question 3.2. Is the h-vector of every reduced, arithmetically Gorenstein set of points unimodal

(provided that the characteristic of the underlying field equals zero)?

Artinian reductions of arithmetically Cohen-Macaulay curves. A question which is of
the same flavour and completely wide open is the following:

Question 3.3. Do all irreducible arithmetically Cohen-Macaulay curves in P* have an Artinian
reduction that has the SLP?

Unexpected curves and complex line arrangements. Unexpected sets of points relate
directly to failures of the SLP. In particular, a finite set Z C P" of r points p1,...,p, dual to
hyperplanes Hi,..., H, has an unexpected hypersurface cone of degree d with a general point of
multiplicity d if and only if Clxg,...,z,]/(L{,..., L%) fails SLP in degree d — 1 with range 1 (see
[23, Proposition 2.17]).

Unexpectedness in the plane often comes from line arrangements. In particular, there are four
known kinds of arrangements of distinct lines Ly, ..., L, in P? (over the complex numbers) such
that whenever L; and L; meet there is a third line L, meeting at the same point. They are:

e 3 or more concurrent lines,

e the Fermat arrangements ((z — o) (zf — zh) (2] — 25)),

e the Klein arrangement of 21 lines, (this has 21 points where exactly 4 lines meet, 28 points
where exactly 3 lines meet, and no other points where 2 or more lines meet),

e the Wiman arrangement of 45 lines (this has 36 points where exactly 5 lines meet, 45 points
where exactly 4 lines meet, 120 points where exactly 3 lines meet and no other points where

2 or more lines meet).
For r > 5, the points dual to the lines of the Fermat arrangements have unexpected curves. The
points dual to the Klein and Wiman lines also have unexpected curves (see [18]). This naturally
raises the following open problem:
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Question 3.4. Are there other complex line arrangements having no points where exactly two lines

meet?

Unexpected hypersurfaces and companion varieties. The existence of an unexpected
curve was first established for the points of the B3 root system. In [43] it was shown that the
unexpectedness is directly related to the existence of Togliatti-type surfaces (having defective os-
culating spaces). Moreover, the author showed, in the case of the surface associated to the Bs root
system, that there exists another surface, called a companion surface, which exhibits a number
of interesting geometrical properties. This direction of study has been pursued in [20] in case of
Togliatti-type varieties and their companions associated to the B4, Fy and Hg root systems and to
certain Fermat-type configurations of points. This motivates the following problem:

Problem 3.5. Study Togliatti-type varieties and their companion surfaces for other root systems
and find a Togliatti-type construction associated to configurations of points allowing multiple general

fat points as described in [44].

Sets of points projecting to complete intersections A finite set Z C P” is said to be geproci
if its image Zp under projection from a general point P to a fixed hyperplane H is a complete
intersection. An example is a set of points Z contained in a hyperplane L which is already a
complete intersection in L. The only other examples of geproci sets known are in P3. In this case,
we say Z is (a,b)-geproci if Z, is the transverse intersection of a curve C, p of degree a with a
curve Cy p of degree b where a < b (hence |Z| = ab). Non-degenerate examples of such sets are
given by (a,b)-grids. A set Z of ab points in P3 is called an (a, b)-grid if there is a set A of a skew
lines and a set B of b > a skew lines, such that each line in A meets each line in B in exactly one
point (see [16]). By a theorem of [15], if Z is an (a, b)-grid with 3 < a < b, then C, p and Cj, p are
unexpected curves and thus give failures of SLP (see the previous paragraph).

We define two more types of geproci sets. A halfgrid is a geproci set Z such that either C, p or
Cyp, p (but not both) is a union of lines for a general P. A non-halfgrid is a geproci set Z such that
neither C, p nor Cj p is a union of lines for a general P.

Since degenerate geproci sets and grids are easy to construct and well-understood, they are
referred to as trivial in the folowling. The obvious question is whether other geproci sets exist.
More precisely, the following problem is open:

Problem 3.6. Find a non-trivial (a,b)-geproci set, where Cq p and Cy, p is not unexpected, or show

that no such example exists.

So far, not a single example of a non-trivial (a,b)-geproci set where C, p and Cj p are not
unexpected, is known. Moreover, since every nontrivial geproci set known has at least one subset

of 3 collinear points, the following problem is natural:

Problem 3.7. Prove or disprove (by giving a counterexample) that every non-trivial (a,b)-geproci
set has a subset of 3 collinear points.

As a more general version, one can even consider the following problem:
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Problem 3.8. Find an example of a linearly general geproci set, or show that no such example

exists.

In fact, all non-trivial geproci sets known have a rich struccture of linearly dependent subsets.
Associating a matroid to these subsets, gives rise to Terao type problems, for instance:

Question 3.9. Are geproci sets with isomorphic matroids projectively equivalent? Is being geproci
a property of the associated matroids, i.e., is a set of points whose matroid is isomorphic to the
matroid of a geproci set, geproci itself ?

4. LEFSCHETZ PROPERTIES IN COMBINATORICS

Lefschetz properties have very nice applications to ombinatorics. The main goal of this section is
to gather several open problems concerning Lefschetz problems for simplicial complexes and more
precisely for their Stanley—Reisner ideals. As for the other sections, we divide this section into
several topic areas.

We first fix some standard notation. Let S = K[zq,...,z,] be the standard graded polynomial
ring over a field K of characteristic zero. Usually A will denote a simplicial complex on vertex
set [n] ={1,...,n} and I, respectively K[A] will denote the corresponding Stanley—Reisner ideal
respectively Stanley-Reisner ring. These, themselves, are not Artinian rings, but knowing Lefschetz
properties of Artinian reductions of Stanley—Reisner rings is an important problem from both
algebraic and combinatorial viewpoints. One of the biggest progress on this topic is the following
recent result of Adiprasito [4] (see also [6, 34, 42])

Theorem 4.1. If A is a simplicial (d — 1)-sphere, then for a generic linear system of parameters
© of S/Ia, the Artinian algebra S/(In + (©)) has the SLP.

The special case of this theorem that A is the boundary complex of a simplicial polytope is
a classical result due to Stanley and follows from the Hard Lefschetz theorem for toric varieties
(see [46, IIT §1]). It should also be mentioned that the theorem has a generalization to simplicial
manifolds and doubly Cohen—Macaulay simplicial complexes (see [6]). While these works give
answers to many unsolved problems, still a variety of open problems on this topic remains.

Balanced spheres A simplicial complex on [n] of dimension (d — 1) is said to be (completely)
balanced if there exists a function ¢ : [n] — [d] such that c¢(v) # c(u) for all edges {u,v} € A. It
should be noted that the function ¢ can be regarded as a proper coloring of the 1-skeleton, i.e.,
the graph of A. If A is balanced, then it is known that the sequence of linear forms 64,...,60,
defined by 6; = > o(v)=i T forms a linear system of parameters of A, called a colored linear system

of parameters of A (see [46, II §4]). The following question is asked in [19, Conjecture 1.3].

Problem 4.2. Let A be a balanced simplicial (d — 1)-sphere and © = 6, ...,04 be a colored linear
system of parameters of A. Does the algebra S/(In + (©)) have the SLP (or WLP)?

Centrally symmetric spheres A simplicial complex A on vertex set [n] is said to be centrally
symmetric (cs, for short) if it admits a free Z/2Z-action, that is, there is a fixed-point free involution
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a: [n] = [n] with A = {a(F) | F € A}. For such a simplicial complex, one can choose a linear
system of parameters © = 6y,...,0; from S~ ={f € S| a(f) = —f}, where a(z,) is defined to be

l’a(v) .

Problem 4.3. Let A be a centrally symmetric simplicial sphere and let © = 64,...,60, be a linear
system of parameters for K[A] that has been generically taken from S—. Does the algebra S/(Ia +
(©)) have the SLP or WLP with respect to the linear form w =z + -+ + 7

The answer is known to be yes for cs simplicial polytopes (see [46, III §8] for more background).

Flag spheres A simplicial complex A is said to be flag if In has no generators of degree
> 3. h-vectors of flag simplicial spheres have been of great interest in combinatorics and there
are two famous conjectures on this topic, known as Charney-Davis Conjecture and Gal’s gamma
non-negativity Conjecture. Motivated by these conjectures Hailun Zheng suggested the following

question.

Problem 4.4. Let A be a flag simplicial (d — 1)-sphere with d > 5, let © = 01,...,04 be a generic
linear system of parameters and let w,w’ be additional generic linear forms. Is it true that the
multiplication xw' : (S/(In + (©,w))1 = (S/(Ia + (©,w))2 is injective?

Almost Lefschetz properties A special instance of a flag simplicial complex is the barycentric
subdivisions sd(I") of a CW complex I'. If T is a (d — 1)-dimensional Cohen—-Macaulay complex,
then the following almost Lefschetz property is known (see [40, Theorem 6.2])

(i) xw?=2F1: (S/(Lary + (0))), = (S/(saqry + (©))) ,_,_,. is injective for k < (d —1)/2;

(ii) xw?=2k-1 . (S/(Isary + (@)))kJrl — (S/(Isqqry + (0))) ,_,. is surjective for k < (d —1)/2.
Here, © is a generic linear system of parameters, and w is a generic linear form. This result in
particular implies that S/(Iyqr) + (©)) has the WLP if d is odd.

Question 4.5. Is there a Cohen—Macaulay CW complex T' such that S/(Isqry+(©)) does not have
the weak Lefschetz property for any linear system of parameters © ¢

As a related vague question, one could also ask

Question 4.6. Are there other classes of simplicial complezes (different from barycentric subdivi-
sions) that satisfy (i) and (ii) above?

While property (i) is known to hold for more general subdivisions [5, Theorem 46], property (ii)

seems a bit mysterious at this moment.

Nagata idealizations. The idealization construction by Nagata has been used in many cases
to construct Artinian Gorenstein algebras failing the WLP, for example the famous example by R.
Stanley. In terms of Macaulay inverse systems, we can construct the idealization of the canonical
module of an Artinian level algebra with inverse system (F}, Fy, ..., F) as the Gorenstein algebra
with inverse system () x;F;) where x1,x9,...,2s are new variables. Here the forms Fy,..., Fj
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are assumed to be homogeneous of degree d in variables 1, ¥, ..., y,. Preliminary studies of the
Gorenstein algebra given by (3 z¢F;) show that for e > d it satisfies the WLP for any forms F;
while for e < d we have examples failing the WLP and examples satisfying the WLP. THerefore
we are in front of an interesting problem:

Problem 4.7. To determine whether the Gorenstein algebra given by Y x$F; has the WLP and/or
the SLP.

As a first contribution to this last problem the reader can look at [3] and [22].

5. LEFSCHETZ PROPERTIES AND JORDAN TYPES OF ARTINIAN ALGEBRAS

Let K be any field, and let A be an Artinian algebra, quotient of the polynomial ring K|[x1, ..., z,]
or of the local regular ring K{z1,...,2,}. Let m = (z1,...,2,) be the maximal ideal of A. Let M
be a finite module over A, and let £ € m. The Jordan type Py of £ is the partition of dimg M
giving the sizes of the Jordan blocks in a Jordan canonical form for the linear map x¢: M — M,
defined by the multiplication by ¢. There are several refinements of this invariant. We refer to [29]
in this volume for their definitions and a discussion of their properties. In particular, when M is
a graded module over an Artinian algebra A we define the generic linear Jordan type P; js as the
Jordan type Py s for a generic linear form ¢ € A;.

The Jordan type has two main strengths. First, in the graded case, it is a finer invariant than
the Lefschetz properties: we can determine if a linear form £ satisfies the WLP or the SLP on A
from its Jordan type and the Hilbert function H = H(A): that is, £ has the SLP if its Jordan type
is the conjugate H"; and ¢ has the WLP if the number of parts of the Jordan type is the maximum
value of H. Second, the Jordan type is well-defined also on non-graded algebras, allowing us to
generalize the definitions of WLP and SLP to the non-graded case. As in the previous sections we

distinguish several topics:

Linear Jordan type and contiguous Jordan type. Let A be standard graded, if H = H(A)
is unimodal (and has a single maximum value with no dips) and if the generic Jordan type is the
conjugate partition of H (i.e., A is strong Lefschetz) then the generic linear Jordan type is equal
to HY, and therefore they are the same [30, Proposition 2.14].

Question 5.1. Is this equality still true when H(A) is not unimodal, or when the generic Jordan
type is not the conjugate partition of the Hilbert function? More generally, under which conditions

on a graded module M over a graded Artinian algebra A do their generic and generic linear Jordan
types satisfy Pyy = P1 ¢ (See Questions 1.1 and 2.56 in [30].)

We can decompose M as the direct sum of K[/] modules — called ¢-strings — whose lengths are
given by the Jordan partition P 5, The Jordan degree type JDT Pyeg ¢ s of a graded module
M adds to the Jordan type the information about the initial degree of the ¢-strings in such a
decomposition of M as module over k[¢], this depends only on the pair (¢, M). However, a problem
is that this definition of JDT does not generalize to non-graded Artinian algebras or modules [31].
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When the Hilbert function H of a graded Artin module is non-unimodal, we can define a
contiguous-Jordan type P, ¢(H), and a contiguous-Jordan degree type P qeg¢(H): using the bar
graph of H(M) [30, Definition 2.28].

Question 5.2. For which (non-unimodal) Hilbert functions H occurring for graded Artinian alge-
bras A, can we find pairs (A, L) with H(A) = H and the Jordan type and Jordan degree types of A
agree with the contiguous Jordan or Jordan-degree type of H?

Jordan type of the initial ideal. Recall that the initial ideal init(I) of an ideal I C R =
K[z1,...,xy,] is the ideal generated by the leading terms of elements of I under a fixed monomial
order. From a result in [17] and [48] we know that if R/(in(/)) has the WLP (resp. the SLP), then
the same holds for R/I. More precisely, for a generic linear form ¢ we have that for all j, k the
following inequality is true

dimg (R/(I,¢%); < dimg(R/(inI, £¥));.

Question 5.3. How does the generic Jordan degree type of a standard graded Artinian algebra
A = R/I behave under projection to the quotient R/in(I)?

Is there a pair (A, L), where A is a standard graded Artinian algebra and ¢ € Ay, such that the
Jordan degree type Paeg o 4 cannot occur for a pair (A',0'), if A’ is defined by a monomial ideal?

Jordan type for non-graded algebras. Lately, some refinements of Jordan type have been
introduced for non-graded Artinian algebras: namely sequential Jordan type, Loewy sequential
Jordan type, or double sequential Jordan type [31]. Each of these is semicontinuous in a family
of algebras having fixed Hilbert function. The semicontinuity of Jordan type has been used to
show that certain families Gor(H) of Artinian Gorenstein algebras with given Hilbert function

have several irreducible components, beginning in codimension three [28].

Question 5.4. Determine Hilbert function sequences H for non-graded Artinian algebras such that
the family Z(H) of all algebras with Hilbert function H has several irreducible components =1, =s-
whose general elements have the same generic Jordan type, but which differ in one of the refined

nvariants?

Question 5.5. Let 0 - L — M — N — 0 be an exact sequence of finite modules over A. How
can we compare the generic Jordan types Pr, Pyr, and Py ¢ Under what conditions could we have
additivity Pyy = Pr, + Py, in a suitable sense for the Jordan types? The same question can be
extended to Jordan degree type, in the graded case, or to sequential Jordan type, Loewy sequential
Jordan type, or double sequential Jordan type, in the non graded case.

The next question has to do with the symmetric decomposition of the associated graded algebra
of a non-graded Gorenstein Artinian algebra (see [28]). We know, by an example of Chris McDaniel
[31] that it is not always possible to find a Jordan basis B for the multiplication by an element
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¢ € m that agrees with the Hilbert function of A, in the sense that B N'm' is a basis for the vector
space m' for every i. We also know that there is always a pre Jordan basis that agrees with the
Hilbert function in this sense [31]. So we are let to pose the following question:

Question 5.6. If the Artinian algebra A is Gorenstein, can we always find a pre Jordan basis B
that agrees with the Q(a) decomposition, in the sense that B Nmé N (0 : m®) is a basis for the vector
space m* N (0 : mP) for every i and b?

Jordan type of graded Artinian Gorenstein algebras. Graded Artinian Gorenstein (AG)
algebras satisfy Poincaré pairing. This allows us to determine their Lefschetz properties by the
ranks of fewer multiplication maps. For instance, a graded AG algebra A satisfies the WLP if
the multiplication map by a generic linear form has maximal rank in degree L%lj, where d is the
socle degree of A (see [39] where it is also shown that WLP can be sensitive to characteristic). In
codimension three, when the characteristic of K is zero, each standard-graded complete intersection
algebra has the WLP [24]; some have conjectured that all codimension three standard graded AG
algebras have the WLP (see [12] where it is proven that this conjecture depends on showing the
special cases of compressed algebras). It is open which graded AG algebras of codimension three
have the SLP [1]. There are families of graded AG algebras of codimension four that fail the
WLP [2, Theorem 1.6]. There are AG algebras in codimension five whose Hilbert functions are
non-unimodal, and thus are also not WLP. The question of whether there are complete intersection
algebras in codimension four (or even higher) that fail WLP has been asked by many researchers
and is open.

Question 5.7. Determine the number of parts of generic linear Jordan types for the families of
graded Artinian Gorenstein algebras failing the WLP. More generally, determine the generic linear

Jordan type for a graded Artinian Gorenstein algebra that fails the SLP.

Question 5.8. Given a sequence H that can occur as the Hilbert function of a graded Artinian
Gorenstein algebra, can we find potential Jordan types or Jordan degree types? (Known in codi-

menson two [10]).

Question 5.9. In [10], all possible linear Jordan types of complete intersection algebras of codi-
mension two having a fixed Hilbert function is listed. For every such Hilbert function H, can we
determine the pairs of Jordan types P and Q) that occur for (¢1,A) and ({2, A) where H(A) = H?
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