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Exercise 28 Find the saturation of each of the following ideals (or explain why it is already
saturated).
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Example 3.5. Let R = k[z,y, 2] and I = (2% a2y, xz). Then the Hilbert function of R/l
begins with the sequence (1,3,3,...) but clearly z € [R/I]; is in the kernel of multiplication
by any linear form L. Notice also that the vanishing locus of I is not zero-dimensional, as
might have been suggested by the fact that the Hilbert function is equal in degrees 1 and 2,
but instead consists of the line x = 0.

Exercise 30. Find the entire Hilbert function of the algebra given in Example 3.5. Is there
any other degree in which x L fails to be injective? Find the saturation of this ideal. What
subvariety of P? corresponds to this saturation?
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Exercise 29. Show that the ideal Iy, is a saturated ideal.
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Exercise 33. Let m = (xy, ..., z,), the irrelevant ideal in the graded ring R = k[zo, ..., x,].
Let I be a homogeneous ideal. Define
Im={feR| fmelforall m € m}.

(a) Verify that I : m is a homogeneous ideal in R.

(b) Show that T is saturated if and only ié I m=1. T T 11
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(c) We define a socle element of R/I to be a non-zero element f € [R/I]; (for some t) such

that f is annihilated by m. This corresponds to an element f € [I : m];\[/];. In particular,
f is in the kernel of XL : [R/I]; — [R/I]i41 for all L € [R];. Show that [ is saturated if
and only if R/I has no socle.
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Exercise 34. Prove that if depth(R/I) > 1 then I is saturated.
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Exercise 41. Prove that the Hilbert function of a set of d points in P™ is strictly increasing
until it reaches the value d, at which time it becomes constant. Thus the Hilbert polynomial
of a finite set of points is the constant polynomial equal to the number of points in the set.
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Exercise 47. Let R = k[w, x,y, z] and Suppos@R is a homogeneous ideal with Hilbert
function O( T2y c-

hR/I(t) = (1,4,3,4,5, .. ) -C-(-(

Prove that I is not saturated, and describe geometrically the_saturation 5% of I, and find
its Hilbert function. ﬁ
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