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Lecture 1

k field usually char o

R k x in

Rtt Rf vectorspaceof homogpolyofdegree
t

R
m RIP Rlm

fees ofdgreet

R is a standardgradedk algebra

di R I

Every ideal is finitely generated

homogeneous ideals canchoosethegeneratorstobe homogenous

I I
t

R I quotient ing

RATE where R IT I R
It

Inertfaction he it is definedby

hr HI dim R IT
dim R dinCI

a a I ER is a monomial ideal if there's a generating

set consistingofmonomials



A basis for CR IT can beobtained by listing themonomialsof degree

t not i I

E I x xy xa yz y
c k x 7,7

Y

I t

1 7,7 3

3 y't Z 2

4 I none 0

hr f 1,33,2

theorem Maranlay

let 1,9 9 be a sequence of non negativeintegers TFAE

i a is theHilbertfunctionof ee
standardgraded k algebra

2
monomial k algebra

31 a is an 0 sequence meaning each is lessthanor equal to a very

sperif i function of a therren 4.10 in notes

ᵈa is finite if RCI is artinian

z.FI ibert functionsextend to gradefinitelygeneratedgradedmodules



3 Gt R I be a standardgraded k algebra let C be a
linear form

L R I I I RII is an Rmodule homomorphism

in particular L R II R IT is a b vectorspacehomomorphism

4 Given a homogeneous ideal I C R thesaturation of I is

1
at fer foreachbe leien thereexists ai

s t f I

I is catered I I'd

I my I for m 1 1 xn

5 Fact if p is a s but then

I x ideal generated by for f is homogeneous and flp 0

Apex
is a saturated homog ideal

Ex 0,01 P I I I x y Ck x4,77

I x x x2 y yt c R

let J x x2 x2 y gz J is not saturated

g
sat x y

6 depth RCI if L is injective ineach degree

Def 3 7

7 If depth RI 0 there's no hope L is alwaysinjective

So the bestwe can hopefor is L is either injective sure fire

in each degree

Thealgebra RII hastheWehaffetz Property WIP if

L R IT_ R Itt hasmaximalrank for all for a general

e R



RII hasthe Stylefierperty if
Ld RATE RA has may rank for allt all d

Reek if depth R I then RII has WLP and SIP

So wewanttofocus on depth
R I 0

Remark Simplifications

1 To prove cold it's enough
to findone Leff suchthat L has

max rank for all t

2 if RI is monomial RII has WLP if x t

gives max rank

3 if RII is Gorenstein e.g Complete intersections then RII has wip

iff has max rank in themiddle

Example R 6147,7 I x y z

Hilbert function 1,767,63,1

RII haswip 3 L RATE RII has max rank for general L

and all I

LERI Rlaf hasmaxrank.fr one L R

and all

1 for Lextytz

RII R IT is injective

L RE RIT is surjective

let f a 9 y t 9 Xt ayy 9 42 agz E R I



Lf 0 91 96 91 91 9 9 91 a

and 39 0

injtivity if chark 3

Remark one cheap way that
L PII R IT can fail

to be injective is if RII has a element in degree j

f RI is a set element if f x o ti

in RII

ie fe III n x at

f f o socle

given L Ff St Lf 0 failureof injectivity

É w p to be interesting we need depth RII 0

2 naturalsituationswhere this happens

Remark botharise in thecontextofJacobian ideals

let J be a saturatedidealand I EJ be an ideal forwhik

Isat J

E J idealof 4 points in P in
lineargeneralposition

dim T 10 4 6

I idealgenerated by a general 5
dimensionalsubspaceof I



hey 1 4,4 4

hr I 1,4 5,4 Y

let f e J I f is a socleelement

RII has WLP

Ex J idealof a lineand a point in
6 4,4a

xy y.tt
I x x2 x t y 12 ythas 13,45,6

ʰR I 1 4,45,6 R I fail wed fromdegree to
degrees

R I is artinians

Def A ring Rfi Macaulay if depth Krall dimension of

A sobrietyof IP is arithmeticallyCohen Malanley
ACMI if

R ICH is Cohen Macaulay

R I is artinian if depthRII Krall dim I 0

RII is CM

Mindfreeresolutons MFR

propdin R I lengthofMMFR startingwith 0

line in PE a I x y e h x y.tt

RC2 RC i R R I 0 pro dim 2



b I x x y ck x 2,4 fat line

Rl 3 R 213 R R I 0 pro diaz

a I x2 xt 72 yt 12 skewlines

0 Rl 4 Rf3 2121 R RII to proidim 3

Belt diagrams

191 0 1 2

I 2 I

1

b 0 1 2

0 I

1 3 2

14 0 1 2

0 1

1 4 I T

them Auslander Burksbaum special case

let R KEY a I cR ideal

projdin RA depth R I depth R n

Ex

all three have Krull dim 2 and n 4

depth 4 2 2

h agith 4 2 2
m



1 depth R I 4 3 I not cm

E R I artinian depth k dim 0

pro dim n o n

II.fi atiE

Def let RII beartinian Anelement to PII
is aside element if

f is annihilated by m x a

f c
I ˢ

Thesocle is theart of all socle
elements

thesocle can beread from the last column of the Betti table

I y tt s xyz

hr I 1 3 6 9,9 6 3 1

if

5 2 1

41 l I



Gastralgia
Def RE is Gorentin if it's 1M and therankof thelast free

module in the MFR is 1

in particular the rate is 1 dimensional

Def if P is a subvarietyand R I x is
Gorenstein we say

is arentiallyEaten

R k x y z I x1 y z HF 1,35 T 1

Betti diagram

if1 1

2 2

3 2

if I

2 In general complete
intersections are Gorenstein

3 X c 1P 5 points in lineargeneralposition

is auth for

the Hilbert functionof an artinianGorensteinalgebra is symmetric

Spatialcase complete intersection's

CI Gorenstein



For n 2 CI Gorenstein

Mostimportanttheorem for Lefsheft

theorem Stanley I Watebe Reid Roberts Roitman

over a fieldof characteristic 0 any
monomial complete intersection

R x1 x has SLP

A an redations

If RII is CM but not artinian

Say depth R I Krulldim RII d

Gt L be a NZD linear

R I L has depth Krall dim d I

let Li La general linearforms

R CI Li La is artinian

This is an artician reduction of RH

TheHilbertfunctionof theartinianreduction of RII is the

let off I

let RII be CM of depth k dim I

what do youneedfrom RII for the generalartinian reduction to

have RQ Wep

what whendoes every artinian reduction
have war


