



































































































































lectures
see note foranythingthat's unclear

From Leiture 19 we saw that in order for the Lefschetz
properties to

beinteresting we need depth R I 0
BTW botharise inthecontext

Them are at least two naturalways to get this
ofJacobianideals forexample

1 let J be a saturated homogeneous
ideal and let I CJ be an

ideal for whish I't J E g J IN for some Cip

This isn't that interesting

El J idealof 4 points in 1
note dim JJ 10 4 6

I ideal generated by a general 5
dim'tsubspaceof 57

hr j 1 4 4 4

hr I 11,4 5,4 Y because I grows to all of J in

degrees 23 Computerverified

If te 7 I I then f is a scent of R
Nevertheless R I has WLP

Ext J ideal of a line
union a point in P

x y n 7,2 t

y X2 Xt ch x y2,4

hr j 11 3,4 5 6

I xy Xt Xt y 42
t c k 2 t

idealgenerated by 572

R I
1 4 4,56 yi a sole

element

R I does not have WLP b
c if he R ly 0 so I RII AI

is not an isomorphism






































































































































Ext and Exzbothhave depth butpositive Krull dimension seeDef3.13 in notes

Recall if CIP hasdied then the krill dimensionie dti

2 RA is actin
Definition comingin a sec

Relall

Def A ring R is Mayday if depthRI KrulldimensionofR

A subvariety X P is arithmetically f.hn Mayday
Acm if

R I X is a ChunMacaulay ring

Now RII is artician if depth R It Krull dim RE 0

in particular artinian cm

minimalErecting
Recall proj dim R I length of MFR starting at o

RI ing

Exia I lx.gl c a x y z t idealof antipie MFR

0 T Rl 21 Rfi R R I 0 pro dim
2

141 I 1 3 7,42 c k x y z t fat line

on R1 312 RC21 R R I
0 prodim

4 I xt xw yZ you
two skewlines

RFI R1 31 R 21 R R I 0 projdin 3

we'll see that being longerprecludes this RII from being
M






































































































































Brian
Ex at 0 1 2

0 1 2 I

1

151 0 1 2

1

1 3 2

111 0 1 2 3

0 1

1 4 4 1

Theorem Auslander Buchsbaum Special case

Lt R KEY Xn and let ICR be an ideal Then

projdin R I depth R I depth R n

E In Cal Chl Icl all have Krull dimension 2 and 4 4

Cat has proidim 2
depth 4 2 2

RII is CM

14 has prydim R I is cm

it haspry am depth R I 4 3

RII is not CM

E R I artinian depth R It kdin R I D

projdin.IR Il n o n






































































































































Note converse is false In fact Auslander Buchebaum

rroidin R It n iff depth RI 0 lb t thisdoesn'tforceartinian

From now on unless specified otherwise we'll assume RII is artinian
hencealso M to none of our examplesapplies

Def let RII be artinian Anelement f e RII is a code elect

f is annihilatedby my x at

fe

Thecode is the set of all
socleelements

very usefulfeet when RII is artinian

Thesole of R I can be read fromthe last column
of the Betti table

fordiagram

Ex I X y 25 y xyz

he I 1,36,996,3 1

Bettidiagram
0 I 2 3

0 1
1

2 I one din't soile in degrees
3 1

4,5 6,73
2 1 You'd expect that in degree 7 why

6 I 1 but notdegrees 4,56
7 1 I






































































































































Goetin Akai

Det R I is Goetein if it is cm and the rankof the
lastfreemodule

in the MFR is 1 ie thelast columnaddsup to 1

In particular if R I is art an Gorenstein then the sort of RII

is one dimensionaland occur only at the end

e 9 1 4 8 10 11 10 8 4 1 for dim Soc TR It 1 and

it occurs in degree 8

If If P is a subvariety and ICX is Gorensteini we say is

orientally Gettin CAG note Alexandra uses AG for

artinianGorenstein

R k x y z I x2 y z HF 1,3 5 5,3 1

Bettidiagram

0 1 2 3

0 1

I I

2 2

2 notesymmetry
4 1

5 I

note Gorensteinalgebres are usuallymuch lesssimple than
this












Ey Ps 1 1 5

is AG not artinian

Remart the symmetry of the
Bettidiagram is relatedto thefact that R I is

self deal Details omitted In particular when RII is

artinian and Gorenstein the Hilbert function is symmetric

More generally Gorenstein of any dimension the hector

is symmetric

Speilcase Completeinteractions

RII is a II if recalling artinian thenumberofminimal

generators of I is n

E previous example

Remark for any n CI Gorenstein

For n 2 CI Gorenctein

Most important motivating theorem for
Lefschetzproperties

the Stanley Watanabe RRR

over a fieldof char 0 any
monomial CI has SLP
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Extra stuff it time

Artinianreductions

If R I in CM but not artinian we can alwayspass to the

arthianreduction Moreprecisely

If RII Is CM of depth Krull dimension d and L isany non zerodivisor

Then R II 4 has Krall dimension depth d so

R II Li 4 where all linearforms are general is artinian

Defitin the Hilbert functionof any artinian
reductionof RII by

linear

forms is called the Letor of R I

Queen we saw that for RII CM of depth k dim I then

WLP always holds But how do you tell
if

lal a general artinian reduction of RII has WLP

151
every artinian

reduitionof A I ha wLp

Severalpapers have been
written on thisquestion


