



































































































































6 29

Now let'sstartfocusing on the Lefschetz properties Add to what Alexandra

start with the HF What can be
its shape

told us

Question if RII hastheWLP could ite HF
havethefollowingshape

M
E

No In fact wehave a completedesirptionof
thepossible HF of algebra

with theWLP or SLP

First a useful exact sequence

lemma let L be a linearform Thefollowingsequence ofgradedR
modulesinexact

and degree to

in RA f I R I RAI 4 0

4th R I RAI 4 0

for Once L MIL R If is surjective it's
surjective for

all set since once RKI47 0 it's 0 s t standard

graded algebra so the above picture is impossiblefor
WLP

Here's a more accurate picture






































































































































Remark Imprecise If RCI is artinian and has WLP then it Hilbert function

is unimodal In fact

say
the 1st part is strictly

increasing and the 1 t difference of the

HF for this part is an 0 sequence
don't

write Then the HF possibly is flat for
a while at thehighestvalue

Iggyqq.gg gg

1904
in reasing

fine
more presilely

1m HMNW Prop3.5 Cor 4.6

Ut a 11,91 a be a finite sequenceof positive integers
TFAE

111 9 is theHF of some artinianalgebrawith the
WLP

121 9
SLP

131 a is unimodal and thepositivepart of the first
difference

19 1 ai ai n ait ai

is an 0 sequence

sketch ofproof 121 i 131 a

2 111 obvious



111 131

Assume R I has WLP and HF 11 9 as Let L be a generallinear form

Consider for ist Est

II VII 41,4

at 1 at
dim

By max rank Wlr

dim R II 4 max 0 at at i

So the statement of 131 holds

131 12 See HMNW Prop3.5
and Cor 4.6 attached to notes It uses

a specific construction that we'llomit
here

In particular it explainswhy the
mysterious flat are possible

at the endof the HF

Example consider the HF

c 4 10 15 22 22 8 8 2

You can check it is an 0 sequence In particular

15 5 4 4 15 4 3 22

But the 1ˢᵗdifference positivepart is

1 3 6 5 7

and 5 91 131 4 6

So the 1 t difference isnot an 0 sequence



Conclusion even though he is theHilbert functionof some artinian

algebra and k is unimodal the algebra can't have WLP

Reward HMNW also showed that the constructed algebra has
maximal

Bettinumbers among algebreswith theWLP

Last time

How do we know if an articianreduction of PII has Wep

Example at of be a setof 12 pts consisting of generalpt on

a plane plus 2 general pts in IP

I 4 4

a Quick argument for Hilbertfunction

R I
o I

hr Icy 1 5

the plane is a complete intersection of linearforms so theplane

lies on 7 quadri's i.hr ey
a 15 7 8

Then check imposes under cand on forms of degree 23

So din Mf
t

iz



in partic hp 3 12 happy 141 12

is ACM of k dim I e depth 1

let L be a gen l linearform
Then L R IN MINI

is intestine t

But what about the artinian reduition
A R II 4

Consider thesequence

RICH e RICH RAIN47 0

HF of A is 1ˢᵗdifference of
F of X

1,413,4

i A does not have WLP

Some important areasofresearch on WLP

lol do allartinianGorensteinalgebra
haveWLP any ofvariables

b do all II's have wap any of
variables

14 Monomial algebras
1H Ideals generatedby powersof linearforms



let's talk about at first

1 Stanley showedthat Gorenstein algebrawith HF 1,131313,1

This is not unimodal hencedoesnot have
WLP Note that since 4 13

this algebra involves 13 variables

2 For any h
14 therealsoexists a non unimodal 1 hi ha hi 1

Sothequestion is what can
we say for 4,42

Theorem M 21 for socle degree 4 4 13 is the smallestforwhich

a nounnim.tl exampleexists

3 Unfortunately for 4th 12 thereexist non WLPexamples
with

unimodal HF Anychar

Some examples 1,410,104,1
Ikeda evencompressed

1,4 7 74,1
Altafi Dinu Faridi Maruti MR
Seceleanu Villamizar

For arbitrary h which Hfs force WLP for Orenstein

e g compressed even socledegree like 1 4 10 4 1

BMMN inprogressgive new situation char o

Charo
for 41 4 he46 WLP andeven SLPare forced BMMN inprogress

4 Conjecture for 4 3 WLP always holds char o

Some work by BMMN2 among
others

5 For 41 2 char 0 SLP alwaysholds


