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I The next locus

Def Let R I be a standardgradedartinianalgebra The needle focus

Leg isthe setof Le R that are not lefschetzelements

Cleanest situation R I is Greastein

6mg let RII begraded artinian
GorensteinwithHilbertfunction either

cal I r he ht hat i hat l hat hatti or

i n

H t r ha he i h t 4th hitter hat l hit

i i
let L be a linearform let i t



It L RII RCI fail to besurjectivethen

L RII RAT

So youcan find Lei by lookunga.tt

patinty come forfree since RII is Gorenstein

2 There's a stronger ideal theoretic statement

3 Leaveproof toyou

E I 1 2 y
c 61 19,2 let L ax by cz

HF 1,3 5 6 T3,1

chooseabates for RII and fr IT 6cm Caxtbytat it

xy xyz xz y
z yz 23

y't C b o a o o

xyz 0 C b o a o

z 0 0 C O 0 a

y z 0 0 0 c b o

y t 0 0 0 0 c b

At a subscheme h Lr I P is definedbythe idealofmaximal

minors of thismatrix It defines a nonreduced curve ofdegree 2

in I with Hilbert polynomial 24 5

basis XY 2 5,97 Z

Typicalelement a x a xy a xt ayy 942 967



two elementsof R definethesame curve in IP as safer if they

differ by a sealermultiple

think of PCR IP as parametrizing curves a ofdegree 2

let P 1,1 3 EP

Whichcures vanish at p

9,1m a ital a 11131 a 2 a 4 3 9 3 0

9 29 39 494 69 996 0

this defines a 5 dim't vector space in R

hyperplane in IP

P imposes one condition on conis in P

If thereare k points weget k homogeneous
linearequation in 9 96

wesay the k pointe impose independent
condition if thecorresp linearequations

are linearly independent

P R R xo a

A linear systemof hypersurfaces of dgreed in P is theprojectivizationof

a vector subspace of
d a

din R 4 so hypersurfaces in P Ip
ofdyred

A generalsetof k points imposes

min k conditions

Question howmanyconditions on IP is it for a hypersurfaceofdegreed

to besingular at one point P ie vanishtomultiplicity 2



Answer weneedthe att firstpartialderivatives tovanish at P

ntt conditions

to vanish at P us tomultiplicity wewantthe Cr il'tpartialstovanish

r I conditions

Fact there are independent conditions as longas there's room

III Unexpected hypersurfaces

Example DiGennaro Ilardi Valles

let 2 bethere9points

HF 1,3 6 9,9

dim Iz 15 9 6 vectorspace

linearsystem IP Iz p

let P be a generalpoint Weexpect a generalpoint venishingtoorder3

to impose
3 112 6 conditions

So we expect that no poorelementof Italy vanish toorder 3

at a generalpoint

And yet therealways is one

This example launched thestudyof unexpected hypersurfaces



More precisely

Fe Iz vanishestoorder r at P

iff F e Izn If

Def Given 2 P positiveintegers d r generalpoint P

theactualdimensions is a dim dim Izn If
thevirtual dimension is v dim dim Iz t

theexpecteddimension is e dim max v dim 0

2 admit an unexpectedhypersurfaceofdeg d andmultiph it if
a dim e dim 1 2

I Unexpeated Cones

d 3
set in the reaous definition for

ofthewesay 2 admits an unexpectedcone ofdegreed

Important observation

2 c
P

projectionfromP

told him aplaneconic



4 34

w.deSurface

let 2 IP be a set of 6 points in
LGP

HF 1,4 6,6

let 2 P P 3

Claims A general projectionof 2 to 1P doesnot lie on a ionic

it suffice to find of such protection

f
Pickany 3 of thepoint Theyspan a

µplane H

theother 3 pointsof 2 are off H

let P be a generalpointofH

let Tp be projection from P

e

P

If got doesnot lieon a sonic

Done theclaim

Question which points P IP I havethe property that Tp21 lieson a ionic

Def let W bethesetof all suchpoints So is the
Weddlesurface



eta p

41 PEW

2 IT 121 lie on a sonic

3 2 lies on a quadriccomewith
vertex P

4 Iz n If 0

What doesW look like

Some obvious subsetsof W
of2

1 let PIT bethelinejoiningPi Pj Theprojectionfrom a point PEPI
lieson a conis so P.IE W
get 15 lines on W

2 Partition 2 into 2 setsof 3 points say RR P u SpyPsP

Get 2 planes Hi Ha let 7 4nitz
Then projecting fromany Pet sends 2 to

6 points on a reducibleconic

Get 10 more lines

3 the pointsof 2 lie on W

Facts prove in a moment

1 W is faceof degree 4

2 W is the non Lefschetz locus of a certainartiniangradedalgebrawithW P

3 if we tweak LGP a bit weget different behavior

72e g

L a



W is a union of 4 planes

EQ TQ Q2 705

4 Moreextreme

W is all of
1ps

Thecorresponding algebrafailsWLP

5 Each these questions go way beyond
setsof 6 points

6 Lookat the example from fait 4

themagepointsare a complete interseton

F stress

Q what can yousay
about sets in Plulose generalprojection is a completeintersection

geproci GeneralPROeation is a CompleteIntersection

Connectionto Lefschetz 6 points in LGP

2 P P C P in Gr

W setof points P fromwhich it 21 heron a conis

R k x Y Z w

P P

Po ICP



p ICP P is thepointfromwhish we project

Each point in 1P is dual to a linearform

P ab c d ax by at hw E R

P

Gl Cath
P 16
p l

Question forwhich ab c d is it truethat for P a bsd

dim pin np np to

dim pin nponp dim R lei di el

Chei it rkei.ie's fkei.nei.es

Translation which I make RCei del to
prinale

I not surjective
i stealthiscould
be all 1

Such I givethe non Lefschetz loans Mei 14
failsWLP

represent l by a matrix

1ˢ Qtuestion what's thesizeof thematrix
1 4 6

d Mei 1517 t

don R e 64 din pin npo din Ica

dim R 12 10 6 4

So A is a 4 4 matrix



as
2 Entriesof A

Choose basesfor R Ce 1,4 and Mei 1,4

l ax thy at do

A

y Az
Z A

w Ay

I at theAct A 1Ay

4 4 matrixof linear forms in a b c d

defA gives 1 forwhich I fail max rank

Weddlesurface

W is both the non Lefschetz locus and the Weddlesurfacefor 2

2 HF is the same

1 4 6 6

i
W

ad Rke 1,4 fails WLP


