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Problem

@ k is a field of charachteristic O;

@ R=K[x,...,xs] = k[P"] is a standard graded polynomial

ring.

P=lpo:...:p] €P"¢— Lp =) pixi € [Rlx

X={Py,...,P,} CP
and — Mxag=(L,...,LE)CR
dez,

Problem:

Study the WLP of R/Ax 4




Some known results

X C Pp!
X C P2

R/Ax.q4 has the WLP Vd
Harima, Migliore, Nagel, Watanabe (2003)
Schenck, Seceleanu(2010)

Xisasetof n+1
general points in P

/\X,d is a Cl
R/Nx.q4 has the WLP Vd
Stanley(1980)

Xisasetof n+2
general points in P

Nx,4 is an ACI
R/Ax .4 has the WLP if and only if
n|3 4 4 6
dj2 2 3 2
Boij, Lundqvist(2023),
Harbourne, llardi,Migliore, Mir6-Roig,Nagel,
Schenck,Seceleanu, Tran, Trok, Valles

d=1lorn<2or

X admits an unexpected cone
of degree §

R/Ax s fails the WLP
Harbourne, Migliore, Nagel, Teitler (2021)



Study the WLP

X=A{P,...,P.}CP" de€Z, +— /\X,dZ(Lgl,---,L%,)

P general pointin P" <+— Lp

XL
[F/nxlaye > Rinxalayi— [Fftd 18,10 4 7 O

fort >0

WLP «— dim [R/(1g.....14 . Lp)]y,, = max {0, Ahx), (d + 1)}




Macaulay duality. Emsalem-larrobino

X ={P1,...,P,} CP", P general point, Ax 4 = (Lc,_i,17 ce Lf.!r)

[R/Ax dld+e = [I;tzl+1 n---N I;ta,ﬂ]dﬂ = [I)((t+1)]d+t

Ah:‘i’//\x,d(d + t) = dim[I)((t+1)]d+t - dim[I)((t)]d+t—1

J

= dlm[I)((tJrl) N Ig+t]d+t

dim[R/(LE,, .. L8 Lp)laye =dim[IFT M- N IEF NI gy

~

dim[Coker(x Lp)]g4: = dim [Iv(rf:(rj())} dtt

Migliore, Mir6-Roig, Nagel (2012)




a x a-grids in P3
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axagrid d=a

a X a-grids, a > 3, X admit unexpected cones of degree a
Chiantini, Migliore (2021)

Then from HMNT we get

R/Nx 5 fails the WLP.

Chiantini, Farnik, F—, Harbourne, Migliore, Szemberg, Szpond(2022)



axagrd d>a—1

I+ (Q)
(Q)

0— IP(—2) X8 1 - =0

her1)x10 (1) = heryz(iy i) where Z C Pt x P!



axagrid, Axg,d>a—1

a x a-grid X is (a, a)-geproci set in P3

mp(X)isa Cl— I =Tt

vVt >0

d=(a—1)qg+r O0<r<a—1landg>1

XLp : [Riaxalgyqo = [F/Axalgy g1

AhAX.d(d +qg—1) < dimcoker(xLp) = (q+ 1)<

r+1
2

r #0 — R/Ax 4 fails the WLP




WLP for a x a-grids

d=(a—1)g+r 0<r<a—-landg>1
if r =0 then

Ahpy ,(d 4 g —1) < dim coker(xLp) =0

a
Ahgypy ,(d+q—2) = q<2>

a
Ahgipy (d+qg—1) = q<2)

r=0— R/Ax 4 has the WLP!




axagrd d<a-—1

a x a-grid X on a smooth quadric @ = V(Q)

d<a-1
Axa= (L% | PeX)
= (Lp|PeQ
= (L4 | Pe any (d+1)x(d+1)—gridin Q)
= (1)

R//\X,d is a compressed Gorenstein algebra of even socle degree.

R /Ax 4 has the WLP




Behaviour of the WLP

axagrd X inP?® R/Ax.q4

d 1 2 -+ a-1 a - 2a-1)-1 2a-1)
WP LY Y o Y N - N Y
1 1 .. 1 0o .- 0 1

1 if R/Ax,; has WLP
0 if R/Ax, fails WLP

bx =0.b1by... € R where b; =

@ Let X be a set of points in P". Is always bx € Q7

@ Let b=0.b1b,... € R be such that b; € {0,1}. When
b = by, for X set of points in P"?







