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The two parameter family of graded rings A(m, n)
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art size < n
= hj(m, n) =# partitions of i with P
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Almkyvist’s Conjecture
Conjecture (Almkvist 1980s)

» For every fixed m > 0, H(m, n) is unimodal for all n > 11.
» If m is even, then H(m, n) is unimodal for all n.

» verified by Almkvist for 3 < m < 20 using analysis!
» for m = 2 proved independently by Odlyzko-Richmond
(analysis), Stanley (SLP), and Hughes(root systems).
Conjecture (Strong Almkvist Conjecture, MCIM 2019)
> For fixed m > 0, A(m, n) has the SLP for alln > 11.
> If mis even, then A(m, n) has SLP for all n.

» A(m, n) has the Lefschetz property w.r.t. the Hilbert function,
i.e. “the Hilbert Lefschetz property” (HLP)

rank (xC*: A = Ajik) = min{hi,.... hi), Vik
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» group of n x n “mt-root of unity” permutation matrices
A4 - 0
G(m,1,n) = Do A==,
0 - A,

» G(m,1,n) O R =C|[xq,...,Xp]

R
= Rg(m..n) = G(Tn)R coinvariant ring
RY .
> Gp @) RG(m,Ln)
= Rg(”m,m) = (RG(mJ,n))U" invariant coinvariant ring

Fact

A(mn)®zC=Rg .



The m = 2 Case
Fact



The m = 2 Case

Fact
» The group G(2,1, n) is the Weyl group of type B,.



The m = 2 Case
Fact
» The group G(2,1, n) is the Weyl group of type B,.

> The ring A(2, n) = H?*(G/P,R) the cohomology ring of a
Ké&hler manifold.



The m = 2 Case

Fact
» The group G(2,1, n) is the Weyl group of type B,.
> The ring A(2, n) = H?*(G/P,R) the cohomology ring of a
Kéhler manifold.

Corollary
A(2, n) satisfies SLP (and HRR) for all n.

=H2,nt)=(1+t)(1 +13)---(1 + t") is unimodal ¥n
(no elementary proof known)



The m = 2 Case

Fact
» The group G(2,1, n) is the Weyl group of type B,.
> The ring A(2, n) = H?*(G/P,R) the cohomology ring of a
Kéhler manifold.

Corollary
A(2, n) satisfies SLP (and HRR) for all n.

=H2,nt)=(1+t)(1 +13)---(1 + t") is unimodal ¥n
(no elementary proof known)



The m = 2 Case

Fact
» The group G(2,1, n) is the Weyl group of type B,.
> The ring A(2, n) = H?*(G/P,R) the cohomology ring of a
Kéhler manifold.

Corollary
A(2, n) satisfies SLP (and HRR) for all n.

=H2,nt)=(1+t)(1 +13)---(1 + t") is unimodal ¥n
(no elementary proof known)

Question
Is A(m, n) a cohomology ring of a Kéhler manifold for m > 2?



The m = 2 Case
Fact
» The group G(2,1, n) is the Weyl group of type B,.
> The ring A(2, n) = H?*(G/P,R) the cohomology ring of a
Kéhler manifold.

Corollary
A(2, n) satisfies SLP (and HRR) for all n.

=H2,nt)=(1+t)(1 +13)---(1 + t") is unimodal ¥n
(no elementary proof known)

Question
Is A(m, n) a cohomology ring of a Kéhler manifold for m > 2?

Answer
No! (at least not forn = 2)
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New Results for n = 2

Theorem (Abdallah-M.)
» The Hilbert function H(m, 2) is unimodal iff m is even.
> The ring A(m, 2) has SLP iff m is even.
» The ring A(m, 2) has the HLP for every m > 0.

> If m> 2, then the ring A(m, 2) does NOT satisfy the
Hodge-Riemann relations (HRR)
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H(m,2;t) = (T4t+--4+t"") (1424 4 12m D) = Z H(m,2);-t'.
i=0

Lemma
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H(m,2); = J . Lxl« = max{[x], 0}.

i+2 i+2-m i+2-2m
2 2 . 2

> For m = 2m’ even:
H(m,2)=(1,1,2,2,....m" =1, m -1, m’,....m',...,1,1)
N————

m+2
» Form=2m’ -1 odd:

H(m,2)=(1,1,2,2,....m"-1,m" -1, m',m’ =1, m’,....m",...,1,1)

m

= H(m, 2) is unimodal & m even.
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AM-2) = o m). eo(m)) ~ Uler.ez).el)  Amn(Fn(Er. E2))

Lemma (Abdallah-M.)

L2]
m (m-Kk\ ._
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Lemma (Abdallah-M.)
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_ m (m+2n\ E EJ
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A Peculiar Connection to Catalan Numbers
We asked MathStackExchange how to prove the identities

Y o e W MR |

> M. Reidel proved it using power series!
> A. Burstein proved it using Catalan numbers!!

C(x) = Z n_1|_ 1 (2nn)xn

n>0

m_ m (m+42n\ ,
cx) _z;) m+2n( n )X
n

C(X)—m:Z(_1)kL(m;k)xk+ Z kak
0 k>3]

=[x](C(x)™- C(x)™™) =LHS =0 Vi<is FJ
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Higher Hessians
> (= ey € A(m,2) is the only linear form (up to scaling)!
» ford=3(m-1)and0<i< [gJ it has the monomial basis

. |
5= (o = oo 1|5 <pg)
*

» and the i Hessian matrix

Hess(Fm, B1) = (bpbj © Fm)p’q

Lemma (Abdallah-M.)
Forall0<i<|g|,

1 m d+1-2p-2
Hess;(Fm., Bi)l(1,0) = ( ( . q))
p.q

(d=2i)t\d+1-2p-2g\ m+1-p—-q
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Weighted Path Matrices
» G = (V, &) directed, acyclic graph
» w: & — R edge weighting (R commutative ring)

A=1{A,...,A
» Row and column vertex sets V 2 A r}

B={By,...,B)
» directed path P: Aj = B; = w(P) := [Tecp w(e)

> weighted path matrix= r x r matrix

W=W(G,w AB)=

P: Ao—Bq
r

i=1

v

path system P = {P,-: A — (,(,-)}
- {sgn(?’) = srgn(O')

w(P) = [1i_; w(P)
Fact (Lindstém 1970s, Gessel-Viennot 1980s)

det(W(G,w, A, B) = > sgn(P)- w(P).

P, vertex disjoint
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Subdiagonal NE Lattice Paths
> V ={(a,b) € Z?| a > b}, & = unit steps up or to the right.
» directed paths = subdiagonal NE lattice paths

. w—1{Ap )I 2= <))

Bfﬂ:{Bq:(Zm—2—q,m—1 -q) I —

W(G, w, &Zlfn, Blm) =
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p—Byg p.q p.q
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=(d - 2i)! - Hess;(Fm., Bi)l(1.,0)
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Example: m=5,i=3

{5‘@: (A = (p.p)[0<p <1

8= {Bq:(s—q’4—Q)|0£qs1}zdet(w): D, sen(®)

P, vertex disjoint

"dou}o\v‘\ vode  dSipwet i

P doubly vertex disjoint = sgn(#) = constant

= det(W) = = [# (doubly vertex disjoint path systems)]
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Hessian Determinant

Theorem (Abdallah-M.)
F . 3(m-1)
orevery0 <i< {—2 J

det (Hessi(Fim, B1)) l(1.0) = ( ) (1){%J N(i, m)

where h; = [%J [’*22 mJ H(m.2); = # (Al,) and

N(i, m) = #doubly vertex disjoint path systems from A’ to BL...

xed2": A(m,2); — A(m,2)4_; isomorphism & N(i,m) # 0



Ex:m=5, H(5,2) = (1,1,2,2,3,2,3,2,3,2,2,1,1)

.l=3 124
e, % 14
7 [T
uA ] S amnY
SNE0 =S S N[ =6
[ (7
r Pt
/
> N[5
/’_+\;
1 \ (A
° A |2 14 5 8 & ©° Ny



Existence of Doubly Vertex Disjoint Path Systems

p

M ————e
(]

Theorem (Abdallah-M.)
Forevery0 <i< {@J

N(i,m)+#0 & 2-h;<m.



Existence of Doubly Vertex Disjoint Path Systems

b

M ————e
(]

Theorem (Abdallah-M.)
Forevery0 <i< {@J

N(i,m)+#0 & 2-h;<m.

> meven = max{h;} = [gJ = A(m,2) has SLP



Existence of Doubly Vertex Disjoint Path Systems

b

M ————e
(]

Theorem (Abdallah-M.)

ForeveryQ <i< {@J

N(i,m)+#0 & 2-h;<m.

> meven = max{h;} = [gJ = A(m,2) has SLP
» modd = max{h;} = [%J +1= A(m,2) has HLP
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Hodge-Riemann Relations
d
> A= @ A, f : Ag — R graded AG algebra /R
i=0 A

> (€ Ay = i Lefschetz pairing (-, -)!: Ajx Ai - R,

(a,ﬁ)f:jl:\fd_z’dﬁ.

> ™ primitive subspace P;; = ker(><€d*2’”r1 DA - Ad_;+1)
> ((A. f,).¢) satisfies HRR if for every 0 < i < | ¢|
(-1) (@)l >0, VO£ a € Py
> (Ar, €= X1, cix;) satisfies HRR < for every 0 < i < [gJ
j

j=0
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Fact
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Theorem (Abdallah-M.)
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_ ho =hy =1
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Cohomology Rings and Hodge-Riemann Relations

Fact
If A = H?*(X,R), the cohomology ring of a Kéhler manifold then A
satisfies SLP and HRR.

Theorem (Abdallah-M.)
If m > 2 then A(m, 2) does NOT satisfy HRR.

Proof.

- ho = hy =1
> m>2:>05i:25{@Jand o
hy =2
%]
» our Theorem = sgn (det (Hessa(Fm, B2))) = (1)L 2 = —1
> but HRR = sgn (Hesso(F, B2)) = 2 o(=1)/(hj = hj-1) = ha.
» = A(m,2) does NOT satisfy HRR Ym > 2



Complex Hodge-Riemann Relations for A(m, 2)

Theorem (Abdallah-M.)

If m is even then A(m, 2) satisfies the complex HRR, meaning for
allo<i<|g|

1)
sgn (Hessi(Fmn, B1)) = > (1) (hg; - hzj1)
j=0

& (V-1)-(a,@)f >0, VO£ a e Py.
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Open Problems and Questions

v

Clarify the connection between A(m, 2) and Catalan numbers.

v

How are doubly vertex disjoint lattice paths related to
partitions?

v

Find Macaulay dual generator of A(m, n) for n > 2.

v

Is there a “complex Schubert calculus” on A(m, n)?

v

Prove (strong) Almkvist’s conjecture!

Thank you!



